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Chapter 1 



General 



1.1 Introduction 

For decades, the microelectronics is the key-technology whose device structures 
are widely adopted for industry production being in great market demand. Giant 
efforts and resources are directed to the growth of the microelectronics in such 
industry developed countries as Japan, Germany and the USA. Alone in Germany, 
expenditures in the field of the microelectronics account for more than a third 
of the annual turnover {circa 600 milliard DM) with 3 million workers involved 
in this sphere Nowadays, development of submicron electronic structures is 
being pursued in many countries because these structures give promise of new 
material systems with enhanced optical, transport and thermalization properties 
that could make an impact in a variety of technologies, including semiconductor 
lasers and modulators, detectors, and optical filters. 

Recent rapid advances in semiconductor technology of ultrafine lithography 
and modern etching technique have enable the fabrication of a large diversity 
of ultra-narrow synthetic structures with perfect atomic interfaces separating 
different materials including silicon, III-V and II-IV semiconductors and others 
(0, for a review see ||, H). In these material systems, both composition and 
doping can be controlled on a scale of the order of the de Broglie wavelength 
of carriers. Such a class of artificial semiconductor nanostructures (contacts of 
metal-insulator- semiconductor types, heteroj unctions, superlattices, etc.) with 
dimensions in the range of 1 — 100 nm has opened up a new dimension in solid state 
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and semiconductor physics in the regime when the quantum size effect appears. 
This new freedom in engineering the electronic states and their properties offer a 
feasibihty to study physics laws in real low dimensional systems and an exciting 
potential for electronic applications as well for investigations of new tantalizing 
phenomena principal for fundamental physics. 

During the last decade, the semiconductor nanoscale systems with carrier 
confinement in one (quantum wells [QW]), two (quantum wires [QWr]), and all 
three dimensions (quantum dots [QD]) have been studied intensively in theory 
and experiment |^ to characterize, understand conceptually, and exploit 

quantum effects in technologically important semiconductor device structures. 
Already, a set of novel results such as the weak and Anderson localization [Q, the 
effect of very high electron mobility in modulation doped heterojunctions WU, ITT 



has been discovered in 2D nanosystems. Quantum effects in 2D nanosystems have 
been exploited to provide enhanced semiconductor lasers, a new class of infrared 
detectors, and resonant tunneling diodes. The high electron mobility transistors 
on GaAs heterostructures are used in a source-drain channel to construct high 



frequency amplifiers with the limiting frequency above than 100 GHz |T2 

However, investigations of nanosystems with a two dimensional electron gas 
(2DEG) is frequently connected with the use of high magnetic fields. For example, 
high mobility samples with the 2DEG of nanoscale dimensions exposed to the 
normal high magnetic field exhibit quantized resistance (the integer quantum 
Hall effect [QHE], [|l^, for a review see [|14|) and exotic charge correlation (the 
fractional QHE, |[15|, [16[, for a review see 0]). Understanding the integer and the 
fractional QHE has intrigued and challenged researchers for more than 10 years 
now, both for the wide range of new phenomena discovered []TB|, |T^, ^ |^, ^ 
and for the potential for high precision metrology based on the QHE ||2^, ^ 



Another key feature of the 2DEG in the QHE geometry is the existence of 
quantum edge states localized in the vicinity of the sample boundary. The quan- 
tization of the Hall resistance into the h/e"^ portions can be explained easily 
under assumption that the edge states are not influenced by scattering and the 
transport is adiabatic (see reviews on the edge states and QHE ^ and 

references cited therein). 

QWrs and QDs give promise to provide even greater enhancement in optical 
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and relaxation properties of semiconductor device structures because the wave 
functions are further compressed by lateral confinement and the quantum effects 
can be used to concentrate the optical oscillator strengths at the active transitions 



27, 28, 29|. In this limit these structures behave as manmade artificial quasiatoms 



3^. Furthermore, these structures under different new environments exhibit 
discrete charging effects and give promise of devices operating in the limit of 
single electron transport. 

Carrier scattering is a fundamental process that always exist in crystals. 
Characterizing and understanding carrier scattering processes in the quantum 
nanosystems are critical both for unraveling the basic phenomena of quantum ef- 
fects in nanophysics and for controlling carrier dynamics in the nanoscale device 
structures, such as relaxation rates for carrier thermalization, equilibration and 
Auger scattering rates for carrier distribution, and diffusion rates for carrier trans- 
port. Carrier scattering is strategic for identifying the lateral confinement effects 
and for developing enhanced, useful device structures. For example, blueshifts in 
QWr photoluminescence are typically attributed to lateral confinement. Recently, 
blueshifts observed in QWr magneto-photoluminescence have been attributed to 
suppression of carrier transport and incomplete relaxation in QWrs rather 
than to lateral confinement induced level shifts. Small deep-dry-etched QDs of- 
ten exhibit poor luminescence efficiency. It has been suggested that this poor 
luminescence has an intrinsic origin, resulting from a suppression of phonon scat- 
tering in small QDs that leads to a "phonon bottleneck" for electron relaxation 



32, 33]. If this intrinsic mechanism for suppressing luminescence dominates ex- 



trinsic effects due to processing, then the possibilities for using the effectively OD 
nanosystems (QDs, QWrs and 2D nanostructures in normal quantizing magnetic 
fields) in any application that relies on carrier relaxation, such as injection lasers, 
would be severely limited. Thus it is critical that the character of carrier scat- 
tering, relaxation and transport in effectively OD nanostructures be established 
thoroughly to separate transport from confinement effects and better control and 
relieve the suppression of transport. Multiphonon processes provide addi- 
tional evidence for this phonon bottleneck in these OD systems [^]. It has been 
suggested that multiphonon processes |^ and Auger scattering can break 
this "bottleneck", in deep-etched QDs. Thus a careful analysis of all of these 
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scattering mechanisms for low dimensional nanostructures is imperative. Clearly, 
recent theoretical progress, and the many experiments in this hot topic will lead 
to a number of novel questions. 

In this work I present theoretical investigations of carrier scattering in quan- 
tum nanosystems carried out during the last ten years by coworkers and me. 
Carrier interaction with phonons, photons, impurities, and electrons in semicon- 
ductor nanoscale systems with carrier confinement in one and two dimensions in 
zero and quantizing magnetic fields has been addressed. Most importantly, our 
calculations allow to better understand phonon signature in optical, thermaliza- 
tion, and transport experiments that can be used to identify and characterize the 
basic phenomena of quantum confinement in these quantum nanostructures. 



1.2 Scientific novelty and practical value of the 
dissertation 

We have investigated peculiarities of the polaron (elementary excitations in the 
electron+phonon system) spectrum near the longitudinal optical phonon emission 
threshold. In spite of weak electron-phonon coupling, we have obtained that in 
the 2DEG in the QHE geometry, new complex quasiparticles, electron-phonon 
bound states, appear in magneto-polaron spectrum. They constitute an infinite 
set which is coagulated to the threshold both above and below it ||3^, |3^. In 



contrast to the virtual phonons taking part in the formation of the usual Frolich 
polaron, phonons in the bound states are almost real. The characteristic scale of 
the binding energies is essentially greater than the corresponding scale in massive 
samples. 

The existence of the electron-phonon bound states results to the fine structure 
of the cyclotron-phonon resonance |^. According to the perturbation theory, 
photon absorption was to be expected at the phonon emission threshold. In 
reality, the perturbation theory becomes inapplicable in the immediate vicinity 
of the threshold. The true spectrum is obtained from the solution of an inte- 
gral equation for the electron-phonon scattering amplitude. Absorption entirely 



CHAPTER 1. GENERAL 



17 



governed by the bound states with the total angular momentum ±1. The ab- 
sorption spectrum consists of two groups of peaks which are approximately of 
the same amplitude and are located approximately asymmetrically relative to 
the "threshold". 

Our calculations explain the dynamics of carrier relaxation in the ID and 
2D quantum nanosystems both in zero and quantizing magnetic fields. Under- 
standing and controlling this dynamics is critical because rapid carrier relaxation 
is crucial for many of the technological applications proposed for semiconductor 
nanoscale quantum devices. We have investigated thoroughly the main relaxation 
characteristics of ID and 2D electron systems due to acoustic phonon (deforma- 
tion DA and piezoelectric PA) and polar optical PO phonon scattering. 

Special attention has been paid to the presence of various interfaces separating 
different materials in 2D nanostructures. These interfaces influence the acoustic 
phonon normal modes and can affect essentially electron-phonon interaction. We 
have proposed a new method for calculating the probability of electron scattering 
from the deformation potential of acoustic phonons PT|. Such a probability 



summed over all phonon modes of the layered elastic medium can be expressed 
in terms of the elasticity theory Green function which contains all information 
about structure geometry. 

Exploiting this method, the energy and momentum relaxation times of a test 
electron as well as the relaxation rate of electron temperature for the whole Fermi 
2DEG located in the vicinity of an interface between elastic semi-spaces have been 
cablculated Analysis of limiting cases for an interface between solid and 

liquid semi-spaces, for a free and rigid surfaces has shown that there are situations 
when the phonon reflection from various interfaces alters the energy (or electron 
temperature) dependence of the relaxation times and leads to a strong reduction 
of the relaxation rates. 

To illustrate the interface effect in quantizing magnetic fields, electron relax- 
ation between discrete Landau levels in 2DEG located near free crystal surface 
has been studied The interface effect is obtained to be highest in the 

magnetic field since the 2DEG interacts with almost monochromatic cyclotron 
phonons in this case. The electron transition probability has an oscillating be- 
havior of the magnetic field and of the distance from the 2DEG to the interface. 
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Scattering from the deformation potential of acoustic phonons has been only con- 
sidered since in quantizing magnetic fields, scattering from piezoelectric potential 
is strongly suppressed . 

Optical phonons determine the character of electron relaxation at high tem- 
peratures and in various experiments with an optical excitation or Auger pro- 
cesses. In the 2DEG subjected to strong magnetic fields with rather thin elec- 
tron layers and subjected to rather strong magnetic fields, a large separation 



between Landau levels cannot be covered by an acoustical LA phonon |^ so the 



multiphonon 2LA or an optical phonon assisted processes become more 
efficient. Longitudinal optical phonon assisted inter Landau level transitions via 
one-phonon emission mechanism requires a precise resonance. Away from the 
resonance, efficiency of this process falls steeply. Non-resonant optical phonon 
emission in the effectively OD systems should be accompanied by acoustic phonon 
emission via the two-phonon emission mechanism. We have calculated polar opti- 
cal PO phonon assisted electron relaxation as a function of the inter Landau level 
spacing in the 2DEG in the QHE geometry The interface optical SO phonon 
relaxation has been found to be at least by an order weaker than relaxation via 
polar optical PO phonon emission. To obtain a finite relaxation rate associated 
with one-phonon emission, the allowance for the Landau level broadening and for 
the PO phonon dispersion has been made. Immediately below the phonon energy, 
hujpo, the PO phonon dispersion contribution gives rise to a sharp peak with the 
peak value approximately 0.17 fs~^. The Landau level broadening contribution 
has a rather broad peak with relatively lower peak value. Below hupo within an 



energy range of the order of h^ujB/T^ the one-phonon relaxation rate exceeds 1 
ps~^ (r is the relaxation time deduced from the mobility. In GaAs/AlGaAs with 
mobility fi = 25 s~^ m^ this range makes up 0.7 meV). 

Two-phonon emission is a controlling relaxation mechanism above huopo 



For energies Alhup immediately above hujpo, PO+DA phonon relaxation has 
a sharp onset. The relaxation rate increases as a fifth power in the magnetic 
field achieving to the peak value exceeding 1 ps ~^ at energy separations of the 
order of hs/as {s is the sound velocity, as is the magnetic length. In GaAs at 
-B = 7 T we have hs/ap ~ 0.4 meV). At higher magnetic fields in the energy range 
sa]^^ ^Alujp —ujpo^sd~^ (in GaAs with d = 3 nm we have hs/d ~ 1.2 meV), the 
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two-phonon peak decreases linearly in the magnetic field. Above hoopo within the 
wide energy range (in GaAs this range makes up approximately 5 me V) , the mag- 
netic field dependence of the relaxation rate is rather weak and the subnanosecond 
relaxation between Landau levels can be achieved via the two-phonon emission 
mechanism. Our analysis has demonstrated that in some experimental situations 
the PO+DA-phonon emission mechanism is more efficient than relaxation in two 
consecutive emission acts: PO phonon emission (even under the sharp resonance) 
with subsequent emission of either LA- or 2LA-phonons. 

As distinct from the conventional relaxation experiments where the relax- 
ation rates are measured directly, in the ballistic phonon emission experiments, 
the intensity and the angular distribution of the phonon signal are detected on 
the sample reverse face which provide a worthy source of information on elec- 
tronic properties. Such experiments are especially valuable in systems of reduced 
dimensionality since carriers are confined to small nanoscale regions while other 
quasiparticles such as phonons can be not localized and more reachable for study. 

In the dissertation I present calculations of ballistic acoustic phonon emis- 
sion at electron transitions between fully discrete Landau levels in a 2DEG with 



account of the phonon refiection from a GaAs/AlGaAs type interface |^9|, ^ 



In accordance with the experimental results, we have obtained that the angular 
distribution of emitted phonons has a distinctly expressed peak for small angles. 
Account for the interface effect affects essentially the intensity and the compo- 
sition of the detected phonon field. Upon their reflection and conversion at the 
crystal surface, longitudinal acoustic LA phonons propagate backwards in the 
forms of LA and transverse acoustic TA phonons. The refiected LA phonons 
interfere with the initial LA phonons emitted by the 2DEG in the same direc- 
tion. Therefore, we have obtained that under the deformation electron-phonon 
interaction, the detector records on the sample reverse face both the interference 
field of the LA phonons and, which is most intriguing for experiment, the con- 



version field of the TA phonons |^ . Our calculations of emission spectrum for 
surface acoustic phonons show that an exponential suppression of the emission 
of surface acoustic phonons occurs in a wide range of the magnetic field variation 
3^ . So, the cooling of the heated 2DEG is only at the expense of bulk LA and 
TA phonons. 
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Investigation of edge state scattering is one of key stages of the dissertation 
I, Bl, 15^, EM. The single particle energy spectrum in a 2DEG exposed to a 



homogeneous magnetic field normal to the electron plane is separated into the 
edge states and the bulk Landau states The edge states correspond to the classi- 
cal skipping orbits and are confined near sample edges. Edge states exist also in 
QWrs. If the wire width L is much greater than the magnetic length as, L ^ qb, 
then the edge states both in 2DEGs and QWrs can be treated in the same way 
as a ID electron system. The edge states play an important role both in conven- 
tional transport measurement experiments and in ballistic phonon emission and 
absorption experiments. In the latter case, equally with the bulk Landau states, 
the quantum edge states also give a contribution to emission and absorption of 
ballistic phonons. We have calculated ballistic acoustic (both for deformation DA 
and piezoelectric PA interactions) and polar optical phonon emission by the 
quantum edge states. An analytic expression for the ballistic acoustic energy flux 
emitted by the quantum edge states has been derived. Detailed analysis of the 
phonon emission intensity distribution has been made in low and high tempera- 
ture regimes and for different positions of the Fermi level. At the same time as 
phonon emission by the bulk Landau states is concentrated within a narrow cone 
around the magnetic field, at the inter edge state transitions and at low temper- 
atures, the emitted phonon field is predominantly concentrated within a narrow 
cone around the direction of edge state propagation, while at high temperatures 
- around the magnetic field normal to the electron plane. At low temperatures 
the emission intensity decreases exponentially with decreasing filling of Fermi 
level. In contrast to the case of bulk Landau states where piezoelectric interac- 
tion is always suppressed with respect to the deformation interaction, in the edge 
state case, the relative contributions of piezoelectric and deformation interactions 
depend on the magnetic field and temperature. 

We have studied an optical phonon assisted edge state relaxation for a test 
electron in QWrs with a rectangular cross section exposed to the normal magnetic 
field. The intrasubband scattering rates as a function of the initial electron energy 
for different values of the magnetic field has been calculated. By considering 
different limiting cases of the ratio of the cyclotron frequency to the strength 
of the lateral confinement, results for edge state relaxation both in 2DEGs and 
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QWrs as well as for the magnetic field free case can be obtained. 

We have calculated the inter edge state scattering length for an arbitrary 
confining potential 0, Phonon (deformation acoustic DA and piezoelectric 
PA interactions) and impurity scatterings are discussed and analytical expres- 
sions for scattering lengths are derived. As follows from energy and momentum 
conservation, only phonons with frequencies above some threshold can partici- 
pate in the transitions between edge states. As a result, phonon scattering is 
exponentially suppressed at low temperatures. According to our evaluations, the 
observed temperature dependence of the scattering length cannot be attributed 
to phonon scattering. 

Auger scattering in semiconductors is well known from investigations of non- 
radiative recombination. Free electrons and holes are a prerequisite for this pro- 
cess: the energy obtained in the recombination of an electron-hole pair is taken 
to excite another electron. The latter electron may loose its excess energy by 
electron-lattice relaxation; thus the recombination energy is converted into heat. 
In quantum nanosystems. Auger processes become possible between different sub- 
bands. The reduction of Auger scattering rate in effectively OD nanosystems due 
to the discreteness of the electronic states has been used as an argument to pro- 
pose quantum dots lasers. 



In recent magneto-luminescence experiments by Potemski et al. ||55| , p6[ on 
one-side modulation doped GaAs/AlGaAs quantum wells, an up-conversion has 
been observed and interpreted as being due to an Auger process. The lumines- 
cence spectrum under interband excitation at low temperatures and for low exci- 
tation powers shows two peaks: besides the luminescence due to recombination 
of an electron from lowest Landau level with a hole in a valence band, a second 
peak is observed above the exciting laser energy and is related to recombination 
of an Auger up-converted electron with a hole. We have developed a theory of 
Auger up-conversion in quantum wells in quantizing magnetic fields to explain 
these experimental results ^7\, 0. We have calculated the characteristic times 
of electron-electron scattering processes between Landau levels of the lowest elec- 
tric subband and of electron-acoustic phonon scattering between Landau levels 
of the two lowest electric subbands as well as the lifetime of a test hole both with 
respect to the Auger process and phonon emission. By analyzing rate equations 
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for these processes as well as for the pumping by interband excitation and the 
recombination of electrons with photo-induced holes, we have found the Auger 
process time. As well the magnetic field and the excitation power dependen- 
cies of the two luminescence peaks have been obtained which are consistent with 
the experimental findings. Thus, an understanding of the Auger up-conversion 
observed in the magneto-luminescence in quantum wells is provided. 

Recently a research group from the Toshiba Cambridge Research Center 
Ltd. and Cavendish Laboratory have proposed a new technique to produce non- 
homogeneous magnetic fields |5^, ^ Q . A remotely doped GaAs/Al^-Gai^^As 
hetero junction is grown over wafer previously patterned with series of facet. The 
use of in situ cleaning technique enables to regrow uniform high quality 2DEGs 
which is no longer planar but follows the contour of the original wafer. Applica- 
tion of a homogeneous magnetic field to this structure results a spatially varying 
field component normal to the 2DEG. Thus, this technique offers possibilities to 
investigate the effect of varying the topography of an electron gas in addition to 
varying the dimensionality. This new technology will open up a new dimension 
in nanophysics. 

We have investigated theoretically the magneto-transport of the non-planar 
2DEG |63, E^, pR BO, |6^. As an example the electric field distribution of the 



2DEG with a magnetic field barrier is calculated. The system satisfies the Pois- 
son equation in which linear charges develop at the magnetic/non- magnetic field 
interface. The magneto-resistance across the facet as well as in the planar re- 
gions of the 2DEG have been calculated which explain the main features of the 
magnetic field dependencies observed experimentally by M L Leadbeater et al 

mm. 



1.3 Main goals and tasks of the dissertation 

1. Investigation of threshold peculiarities of the polaron spectrum in the 2DEG 
in a quantizing magnetic field normal to the electron sheet. Demonstration 
of the existence of the spectrum new branches which describe the bound 
states of an electron and an optical phonon. 
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2. Study of photon absorption on these electron- phonon bound states. Estab- 
hshment of the fine structure of the cyclotron-phonon resonance in quantum 
wells and heterostructures. Consideration both bulk and surface optical 
phonons in formation of the bound states. 

3. Development of a new method for calculating the probability of electron 
scattering from the deformation potential of acoustic phonons. Use of this 
method to treat the phonon reflection from a crystal surface and interfaces 
separating different materials. 

4. Exploiting the proposed method to calculate the electron energy and mo- 
mentum relaxation times for a test electron as well as the relaxation rate 
of electron temperature for the whole Fermi 2DEG taking into account the 
phonon refiection from the interface between semi-infinite elastic media. 

5. Calculation of the transition probability between fully quantized Landau 
levels and taking into account the crystal free surface effect on interaction 
of the 2DEG with acoustic phonons. 

6. Study of ballistic acoustic phonon emission in quantizing magnetic fields 
normal to the 2DEG plane when refiection of these phonons from a GaAs/AlGaAs 
type interface is taken into account. 

7. Investigation of longitudinal polar PO optical phonon assisted electron re- 
laxation in the 2DEG in the QHE geometry. Consideration of inter Landau 
level relaxation via one phonon (for bulk PO and interface SO phonons) 
and two PO+DA phonon (for deformation acoustic DA and PO phonons) 
emission processes. 

8. Calculation of the scattering length for inter edge states transitions in quan- 
tizing magnetic fields due to acoustic phonons (DA and PA interactions) 
and short- and long-range impurities, assuming that the shape of the con- 
fining potential is arbitrary. 



9. 



Study of emission of ballistic acoustic phonons (due to deformation and 
piezoelectric interactions) by quantum edge states in quantizing magnetic 
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fields. Detailed analysis of the emission intensity and the angular distri- 
bution in low and high temperature regimes. Consideration of different 
positions of the Fermi level. 

10. Calculation of the optical phonon assisted edge state relaxation rates in 
quantum wires exposed to quantizing magnetic fields. Derivation of the 
PO phonon emission rate dependence on the electron initial energy and 
magnetic field. 

11. Construction of a theory of the Auger up-conversion observed in recent 
magneto- luminescence experiment. Calculation of the relaxation rates of 
the carrier-carrier (between discrete Landau levels of the lowest electric 
subband) and the carrier- phonon (between discrete Landau levels of the two 
lowest electric subbands) scattering processes in quantum wells exposed to 
the normal quantizing magnetic field. 

12. Investigation of the magneto-transport of a non-planar 2DEG. Calculation 
of the electric field distribution in the presence of a magnetic tunnel barrier 
of /im width. Derivation of the magnetic field dependence of the magneto- 
resistance both across the facet and in the planar regions of the 2DEG. 

1.4 Basic theses of the dissertation submitted 
to the defense 

1. Despite to the weak electron- phonon coupling, an infinite set of bound 
states of an electron with an optical phonon exists both above and below 
the threshold of optical phonon emission in the magneto-polaron spectrum 
in the 2DEG. 

2. The spectrum of the cyclotron-phonon resonance has a fine structure which 
is governed entirely by the electron-phonon bound states. Therefore, elec- 
tromagnetic absorption is concentrated not at the threshold but below and 
above it at the separations of the binding energies. The absorption spectrum 
consists of two groups of peaks which constitute an " asymmetric doublet" . 
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3. It is easy to account for the phonon reflection from various interfaces sep- 
arating different materials using the proposed method for calculating the 
probability of electron scattering from the deformation potential of acoustic 
phonons. 

4. There are situations when the presence of an interface, near which the 
Fermi 2DEG is located, leads to a strong reduction of the energy and the 
momentum relaxation and alters the dependence of the relaxation rates on 
the electron energy (or on electron temperature). 

5. The interface effect in the 2DEG is strongest in quantizing magnetic fields 
normal to the plane of electrons and for the free crystal surface. Surface 
effect becomes weaker with a distance Zq between the 2DEG and the crystal 
surface for two reasons: because of the spread of momenta and the spread 
of frequencies of emitted phonons. Even in high-quality heterostructures, 
the Landau level broadening is essential. 

6. The transition probability between two Landau levels via deformation acous- 
tic phonons is an oscillating function both of the magnetic field B and of 
the distance Zq. The magnetic field oscillations are on top of a smooth 
background of the transition probability which has a subnanosecond peak 
for intermediate values of B (in GaAs, for fields of the order of 1 T) and 
decreases as a fourth power of B for large B. For vanishing fields, selection 
rules force the transition probability to fall to zero. 

7. In quantizing magnetic fields, inter Landau level electron transitions in the 
2DEG via piezoelectric acoustic phonon interaction suppressed with respect 
to the deformation interaction mechanism. 

8. Acoustic energy flux of ballistic cyclotron phonons emitted from the 2DEG 
in a normal quantizing magnetic field is concentrated in a narrow cone 
around the magnetic field. The interface affects essentially both the inten- 
sity and composition of the emitted phonon field so on the sample reverse 
face, the detector records an interference field of longitudinal LA phonons 
and a conversion field of transverse TA phonons. 
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9. Exponential suppression of emission of cyclotron surface acoustic SA phonons 
occurs in a wide range of the magnetic field variation, Uujb^ 2mc\ {ojb is 
the cyclotron frequency, rric is the electron mass and cr is the velocity of 
surface waves). So cooling of the heated 2DEG is only at the expense of 
emission of bulk LA and TA phonons. 

10. An allowance for the polar optical PO phonon dispersion and the Landau 
level broadening yield a finite relaxation rate associated with onc-phonon 
emission. Immediately below the PO phonon energy, Tiujlo^ the PO phonon 
dispersion contribution give rise to a very sharp peak with peak value ap- 
proximately 0.17 fs^^. The Landau level broadening contribution has a 
rather broad peak with relatively lower peak value. Within an energy range 
of the order of Ti^oje/t (t is a relaxation time deduced from the mobility.), 
the one-phonon relaxation rate exceeds 1 ps~^. Relaxation via surface SO 
phonon emission mechanism at least by an order is weaker than via bulk 
phonons. 

11. The two-phonon emission is a controlling relaxation mechanism above huopo- 
For energies AIHujb immediately above hupo. PO+DA phonon relaxation 
rate increases as a fifth power in the magnetic field B. At energy sepa- 
rations of the order of sa']^ (s is the sound velocity, ap is the magnetic 
length), PO+DA phonon emission provides a mechanism of subpicosecond 
relaxation. At higher B, the two-phonon relaxation peak decreases linearly 
in B and within a wide energy range of the order of Tiujb-i subnanosecond 
relaxation can be achieved. 

12. Inter edge state relaxation due to acoustic phonon scattering is strongly 
suppressed at low temperatures in comparison with short- and long-range 
impurity scattering since only phonons with frequencies above some thresh- 
old can cause transitions. 

13. At low temperatures emission of ballistic acoustic phonons (due to defor- 
mation and piezoelectric interactions) at inter edge state transitions is pre- 
dominantly concentrated within a narrow cone around the direction of edge 
state propagation while at high temperatures - around the magnetic field 
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normal to the electron plane. The emission intensity decreases with de- 
creasing filling of the Fermi level. This diminution is exponential at low 
temperatures. 

14. In contrast to the bulk Landau state, relative contributions of piezoelectric 
and deformation interactions depend on the magnetic field, electron tem- 
perature, and on the shape of the confining potential. At low temperatures 
and for the non-smooth confining potential, DA interaction suppressed with 
respect to PA while for the smooth potential as well as for both cases at high 
temperatures, DA and PA interactions give roughly the same contribution 
to the emitted phonon field. 

15. Polar optical phonon emission provides a picosecond edge state relaxation 
for a test electron in quantum wires. The scattering rate as functions of 
the electron initial energy has a peak for magnetic fields not far from the 
resonance field while for lower fields, the scattering rate shows a monotonous 
increase in energy. 

16. Our theory of the Auger up-conversion in a 2DEG in a normal quantizing 
magnetic field provides an understanding of the up-conversion observed in 
magneto-luminescence of one-side modulation doped GaAs/AlGaAs quan- 



tum wells [55], in particular, its dependence on the excitation power and 



the magnetic field. 

17. According to our theory of the magneto-transport in a non-planar 2DEG, 
the system satisfies the Poisson equation in which a line charges develop 
at the magnetic/non- magnetic field interface. The magneto-resistance cal- 
culated across the facet and in planar regions of the 2DEG explains the 
main features of the magnetic field dependencies observed in the experi- 



ment 59, 60 . 



1.5 Approbation of the work 

The results of the investigation presented in the dissertation have been reported 
and discussed at the following conferences, schools, and seminars: 
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of Regensburg, Germany 

1996 12th International Conference "on the Application of 
High Magnetic Fields" , Wiirzburg, Germany 

1996 9th International Conference on Superlattices, Mi- 
crostructures, and Microdevices, July, 14-19 1996, 
Liege, Belgium. 

1996 Research Workshop on Condensed Matter Physics, 
ICTP, Italy 

1996 Seminar, Department of Condensed Matter Theory, 
University of Antwerp, Belgium 

1995 Research Workshop on Condensed Matter Physics, 
ICTP, Italy 

1993 Winter school. University of Wroclaw, Poland 
1992 NATO ASI, Ultrashort Processes in, Lucca, Italy 

1992 Seminar, Institute for Theoretical Physics, University 
of Regensburg, Germany 

1993 13th General Conference of Condensed Matter Di- 
vision, European Physical Society, Regensburg, 
Germany 

1989 14th All- Union Conference on "Theory of Semicon- 
ductors" , Donetsk, The Ukraine 

1988 Seminar, Institute of Physical Investigations, 
Ashtarak, Armenia 

1988 Seminar, Landau Institute for Theoretical Physics, In- 
stitute of Solid State Physics, and Institute of Mi- 
croelectronics Technology and High Purity Materials, 
Chernogolovka, Moscow district, Russia 

1987 AU-Union Conference on " Non-classical crystals" , Se- 
van, Armenia 
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1.6 Structure and volume of the dissertation 

The dissertation is presented on 227 pages including 41 figures and 5 tables. It 
consists of 7 Chapters, the Summary, 3 Appendixes, and the Bibliography of 327 
names. 



Chapter 2 

Electron-optical phonon bound 
states 

2.1 Introduction 

Over a long period of time polarons, elementary excitations in the electron+phonon 
system, have been extensively studied both theoretically and experimentally in 
polar semiconductors and ionic crystals ||6^, |6^, [7^]. Recent rapid developments 
in the semiconductor nanotechnology have made it possible to create nanosystems 
of reduced dimensionality and have caused growing interest in polaron effects in 
such nanosystems, particularly in the 2DEG exposed to a normal quantizing ex- 
ternal magnetic field. In such systems, due to the combined effect of the spatial 
confinement and Landau quantization, the electron energy becomes quantized 
into a series of completely discrete Landau levels with an infinite degeneracy. 
Interaction of such electrons with polar optical phonons leads to a formation of 
2D magneto-polarons. Properties of the 2D magneto-polarons strongly depend 
on energy ranges considered in the exact spectrum and on a density of states on 
a Landau level. As far as in the 2DEG the density of states on the bottom of 
Landau band is stronger than in massive samples, it changes from square-root 
singularity to the delta-function, then the polaron binding energies and cyclotron 
resonance peaks should be greater and clearer for the 2DEG than in bulk sam- 
ples. One can expect also qualitatively new effects in the 2D magneto-polaron 
spectrum. 
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Studies of the magneto-polaron problem in massive samples (see reviews [71 



[7^ ) have shown that despite to the weak electron-optical phonon coupling, a, 
branches of the magneto-polaron spectrum can be classified into three groups 
according to the single-phonon states in the magneto-polaron, i.e. according to 
the effective number, A^, of phonons contributing to the magneto-polaron. The 
first group includes states with ~ a. The exact spectrum of these branches 
differs from priming one only by a simple shift of the bottom of Landau band and 
by a polaron renormalization of the electron effective mass. Both these effects are 
of the order of a. The second and third groups are hybrid and bound states of 
electrons and phonons. For these states we have N 1/2 and ^ 1, respectively. 
Peculiarities of the polaron spectrum near the threshold of an optical phonon 
emission are responsible for existence of these two groups. These threshold non- 
analyticities of the spectrum are not connected with particular models but have an 



universal character [|73[. For instance, the non-analyticity of the phonon spectrum 
near the disintegration threshold of an optical phonon into two acoustic phonons 
leads to the formation of the hybrid and bound states of the optical and acoustic 



phonons [^, |3^. Notice that for the formation of the hybrid states, a resonance 



situation is necessary. 

The problem of calculation of the electron and optical phonon hybrid state 
spectrum (the spectrum of the resonance magneto-polaron) has been arisen in 
connection with experiments of the inter-band magneto-absorption and of the 



cyclotron resonance [^5|, |76[, in which a splitting of the absorption peak near 
the resonance ojb = ojq has been observed {ojb and ojq are the cyclotron and the 
longitudinal optical LO phonon frequencies, respectively). The first theoretical 
studies of the resonance magneto-polaron spectrum have been based on the single- 
phonon model, in which only no-phonon and one-phonon states have been taking 



into account. It has been shown 177^, 1781 79 that if no interaction is taken into 



account, two terms of the electron-|-phonon system (the first is the electron in the 
Landau level / + 1, the second is the electron in the level / and one LO phonon) 
are intersected at the resonance. Switching on the electron-phonon interaction 
takes off the degeneracy and leads to the splitting of the absorption peak which 
is of the order of a^^'^hujQ. The above peak, as distinct from the peak below, is 
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smeared by the electron-phonon interaction. At present the resonant magneto- 



polaron effect is well studied in massive samples ^ and is an unique tool to 
study the electron-phonon interaction. 

In the last years in view of its importance, the resonant magneto-polaron in 
the 2D nanosystems has attracted considerable attention. Theoretical investiga- 



tions of the problem show ||83, p3l |83, E^ that electron-phonon interaction in the 



2D systems is stronger than in the massive samples. There are two reasons to 
account for such situation. The first is, ut sup, the singularity of the density of 
states on a Landau level is stronger for 2D electrons than that of in the bulk sam- 
ples. The second is that the presence of interfaces separating different materials 
in layered nanostructures violates the translation invariance in the growing direc- 
tion. Hence, in acts of electron-phonon interaction, phonon modes with any value 
of the momentum component in that dimension can take part. Such reinforce- 
ment of electron-phonon interaction leads to the 2D magneto-phonon resonance 
with the characteristic binding energy scale a^^'^htOQ which is for a -C 1 essen- 
tially greater than the analogous scale a^^'^hcuo in the massive samples. Moreover, 
the branches of the spectrum are rigorously stationary both above and below the 
phonon emission threshold so that two infinitely narrow peaks correspond them 
in the absorption spectrum. 

Recently the 2D resonance magneto-polaron effect has been observed in the 



cyclotron resonance experiments in electron inversion layers on InSb accumu- 

as 



lation layers on HgCdTe fS^], and in II-IV CdTe/CdMgTe quantum wells 



well as in GaAs/AlGaAs heterostructures and quantum wells p9|, |90|, |91|, ^ 



Analysis of experimental results [^| shows that the 2D resonance magneto- 
polaron effect is approximately by 3 — 6 times stronger than that of for massive 



samples which is in good agreement with the theoretical calculations [^, 

The characteristic feature of the resonance magneto-polaron is that the num- 
ber of hybrid states in the exact spectrum do not exceed the number of states 
in the priming spectrum of the electron+phonon system. However, further the- 
oretical developments in the problem of the magneto-polaron have shown that 
the exact spectrum near the LO phonon emission threshold can be considerably 



richer |9J]. When the magnetic field decreases or increases, the resonance condi- 
tion ceases to be fulfilled and, one would think that the hybrid states should be 
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transformed into the usual magneto-polaron states. As a matter of fact it does 
not take place. In the exact spectrum of the 3D magneto-polaron in the energy 
range of the order of W^r, = o^Tiuq below the threshold e„ = + Tiojq there 
appear new branches of the electron+phonon system {En is the electron priming 
energy, n is the Landau index.). These terms are impossible to obtain in the 
framework of the single-phonon model which is equivalent to account for only 
the simplest diagram of the electron mass operator expanded in a power series in 
the electron-phonon interaction coupling constant. Moreover, the analysis of the 



perturbation theory shows ||95[ that despite to the small coupling constant, the 
sum of the perturbation theory series diverges in the energy range |e — e„| ^ W3D 
and it nowise is connected with the resonance uob = ojq. To find the exact spec- 
trum in this energy range, it is necessary to sum infinite number of diagrams 
for the mass operator, or that is the same, to solve an integral equation for the 



electron-phonon vertex When this procedure has been explicitly completed 
by Y B Levinson , it has become clear that in the exact spectrum of the elec- 
tron+phonon system there exists an infinite sequence of the electron and phonon 
bound states with the LO phonon emission threshold as a limit below. The max- 
imum distance between two neighboring terms is of the order of for tu^ ~ c^o 
even if it depends on the magnetic field. The bound states ought to realize as a 
local lattice perturbation arisen at the center of the cyclotron orbit. 

It was natural to expect that the bound states will become apparent in the 
cyclotron phonon resonance spectrum. The cyclotron phonon resonance has been 
predicted theoretically by F G Bass and Y B Levinson (see also reviews 
[p^ , p9[]). It is observed in semiconductors as a result of optical transitions of 
an electron from one Landau level to another accompanied by the emission or 
absorption of an optical LO phonon. Actuality of the cyclotron phonon resonance 
has been verified experimentally in the electromagnetic absorption ||10(]|| . The 
cyclotron phonon resonance phenomenon would be combination of two processes, 
of the cyclotron resonance observed at the frequency of electromagnetic radiation 
V divisible hy ujb and of the Gurevich-Firsov magneto-phonon resonance ||101 



102|| , coming at the magnetic fields for which LO phonon frequency ujq is divisible 



to ujb- According to the simplest ideas based on perturbation theory ||9^, |103|| , 
the cyclotron phonon resonance absorption peak corresponding to the LO phonon 
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emission should be observed for photons of energies hv = E^ — En' + hooio- A 
more rigorous analysis | |104|| has shown that the cyclotron phonon resonance peak 
should have a fine structure due to appearance of the bound states of an electron 
and a newly created LO phonon. In bulk samples, the binding energies W and 
oscillatory strengths / of these states are very small: in magnetic fields such 
that lub ~ cjo we have W ~ W^n and j o? . In the case of n-type InSb this 
gives W ~ 0.01 meV in a field B = 3.5 T. This makes hard for the experimental 
resolution of the bound states in the cyclotron phonon resonance peaks. The 
revealing of the bound states in massive samples is conjugated by additional 
difficulties for following reasons. In the simplest case, e.g., the bound states 
could be detected in the light absorption at the photon energy hu = Tiujq — W 
(the electron transitions absent; n = n' = Q) | |105|| . However, in this case bound 
states lie below the threshold and their observation is hindered by the strong 
lattice reflection in the energy range between the longitudinal and transverse 
optical phonon energies. The absorption spectrum seemed more convenient to 
study when n 7^ at the photon energy hv = hujB + ^1^0 ~ W . This energy range 
of the spectrum, however, lays upon continuum of the electron+phonon states so 
that there cannot exist rigorously stationary bound states. 

Taking into account the situation described above for the magneto-polaron 
problem, particularly, the transformations in the resonant magneto-polaron effect 
at the dimensional reduction from 3D to 2D, one can expect that the environmen- 
tal factors for the electron-phonon bound state creation and their experimental 
observation in the 2DEG should be more favorably inclined. 

Subject of this chapter is the bound states of the electron and LO phonon in 
the 2D nanostructures exposed to the quantizing magnetic fleld normal to the 
electron sheet. It will be shown that in the vicinity of the LO phonon emission 
"threshold" £„, the spectrum of the magneto-polaron is determined by an inflnite 
sequence of the bound states coagulated to the "threshold" having it as a limit 
both above and below from it [^. (In the 2DEG there is no continuum in 
the spectrum of the electron+phonon system, and therefore in this case, the 
"threshold" has no strict sense. To stress this fact, the inverted commas are 
used.) These bound states are always rigorously stationary and are manifested in 
the cyclotron phonon resonance spectrum as two groups of narrow peaks located 
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above and below the "threshold" on the distance of the order of W2D = cthfiujQ 

Existence of the bound states is determined by the competition of the kinetic 
energy of electrons and optical phonons, and their interaction energy. Therefore, 
the character of coupling and the energetic scale of the spectrum strongly depend 
on the localization extend of electrons and phonons. In 2D nanostructures besides 
the electron localization effect, there are certain special features associated with 
the optical phonon localization. Two situations are discussed below: electrons 
in an isolated quantum well located deep inside a sample and electrons at a 
hetero junction between two semiconductors. Low-momentum LO phonons do 
not usually penetrate from one material to another and, therefore, electrons in 
a quantum well or at a heterojunction interact solely with LO phonons in the 
semiconductor where they are located. Further these bulk-like polar LO phonons 
we denote as PO phonons. In addition to the bulk-like PO phonons, there exist 
also surface SO phonons with an electric field concentrated on both sides near 
an interface separating different materials. Recently polaron effect with such SO 
phonons in quantum wells and heteroj unctions have been considered theoretically 
in several papers [|10|, |0|, [10|, |lll], |0|, |TT|, [113|, |114l. It is obtained 
that the SO phonon contribution to the energy and effective mass is essential. 



In the recent magneto-phonon resonance experiment ||115|| , the observed states 
have been interpreted as resonance 2D magneto-polarons with SO phonons [|116|] . 
Therefore, one can expect that SO phonons will also play an important role in the 
formation of the electron-phonon bound states. In the case of a heterojunction 
the SO phonons do not exhibit dispersion and, therefore, they behave in the same 
way as LO phonons. On the other hand, the SO phonons in a quantum well have 
a strong linear dispersion which smears out the threshold singularity. Such SO 
phonons are ignored in this work. 



The energy levels of the considered system are shown on Fig. 2.1. The 



energy is reckoned from the lower electron level, whose height above the bottom 
is hujd + hujB/2, hujd is the energy scale in the growing direction. The dashed line 
shows the "threshold" e„ = + hujQ referred to the Landau level n, near which 
the bound states of interest to us are located. 

Following assumptions have been done in calculations of the bound state 
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Figure 2.1: Energy levels = En + {I + 1/2)Uujb in the 2DEG exposed to 
the quantizing magnetic field normal to the electron sheet. £„ is the energy of 
subband n. 



spectrum: 

i) only the polar electron-phonon interaction is considered and the priming 
electron-phonon coupling constant is assumed to be small, a <^ 1, 

ii) optical phonons have no dispersion, a;(q) = ujq, 

iii) crystal temperature is low enough, T <S fwjQ so that the phonon absorption 
processes, proportional to exp(— /icuq/T), can be neglected (The units are 
used such that the Boltzmann constant ks = !•)) 
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iv) concentration of electrons is small so that their influence on phonons as well 
as interaction between them can be neglected, 

v) interaction of electrons with impurities and acoustic phonons is absent, 

vi) electrons are confined in a potential well with infinitely high walls, the well 
is also narrow enough so that spatial quantization energy scale is the largest 
parameter of the problem, i.e. the intersubband separation Asd ~ fiuJd ^ 

hujB, hujQ . 

The present chapter is organized as follows. In the next section the threshold 
behavior of the magneto-polaron spectrum is analyzed and the integral equation 
for the electron-phonon scattering amplitude is derived from which we obtain the 
bound state spectrum. In Sec. p.3| the absorption coefficient on these bound state 
is studied. The allowance for the presence of bulk and surface optical phonons is 
made. The actual calculations of the bound state binding energies and oscillator 



strengths are carried out in Sec. p.4| . Our conclusions and numerical estimates 



are presented in Sec. 2.5. 



2.2 The 2D magneto-polaron spectrum 

2.2.1 "Threshold" behavior of the polaron spectrum 

The spectrum of two-particle elementary excitations in the electron-phonon sys- 
tem is determined by the poles of scattering amplitude S in the total energy 
parameter e. Because the number of phonons is not conserved, the spectrum ob- 
tained from the poles of S and of the single-particle Green function are the same. 
The calculation of S by means of the perturbation theory cannot be acceptable 
since in the energy range of interest to us, e ~ the series of the perturba- 
tion theory stops to converge. In terms of the diagram technique, the diagrams 
with one phonon and one electron intersections are responsible for this diver- 
gence. Such diagram correspond to the processes in which phonons are almost 



real [117|. Some diagrams for the amplitude S with such dangerous intersections 



are shown in Fig. 2.2. It is seen that the number of the dangerous intersections 



increases in the diagram order. Direct calculations of these diagrams show that 
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-I- 



Figure 2.2: Simplest diagrams for the electron-phonon scattering amplitude S 
with dangerous intersections in one electron and one phonon lines. 



the perturbation theory is inapplicable in the energy range |e — e^l ~ ahuo where 



both diagrams with and without intersecting phonon lines (Fig. |2.2| ) become 
essential. Contributions of all diagrams with dangerous intersections tend to in- 
finity when e ^ En and the growing velocity is proportional to the number of 
dangerous intersections in the diagram. Thus, to find the exact spectrum of the 
system in the region — ~ ahuo, the whole series of the perturbation theory 
should be summed. This leads to an integral equation for the electron-phonon 
scattering amplitude S drawn on Fig. 



2.2.2 Integral equation for the electron-phonon scattering 
amplitude and bound states 



This equation is written in the gauge invariant diagram technique [|118|| , therefore 
only Landau index s is used for the electrons (solid lines) while the gauge non- 
invariant quantum number m of the spatial quantization is absent. The exact 
electron Green function, G is diagonal in s | 118 , 119 , 120 | but G is not diagonal 
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Figure 2.3: Integral equation for the scattering amplitude S of an electron by a 
phonon. 

in m because lack of the translation invariance in the growth z-direction. The 
assumption /S.Efi ^ huByfiuo permits, however, to neglect the off-diagonal ele- 
ments of Gmm' which simplifies essentially the integral equation for S. As far as 
the bound states are sought in the energy range near the "threshold" then the 
energetic parameter of the Green function is — huo in the dangerous intersec- 



tion in the second term of the right-hand side of the equation in Fig. |2.3| . It lies 
far from the "threshold" where the perturbation theory is valid. Therefore, the 
function G can be taken without allowance for the interaction with the phonons, 
and only the term m = 1 is to be retained in the summation over m. All the 
foregoing allows us to put everywhere m = 1 (and omit this index hereafter) so 
that 

Gs{e) = {e - shujB + iO)-\ (2.1) 
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By force of the assumption of the electron concentration smallness, all electron 
Green functions are retarded. For this reason as well as because system tem- 
perature is low, the renormalization of the phonon Green functions can be also 
neglected. Then the following expression corresponds to the phonon propagator 
D (the dashed lines) 

D{uj, q) = h-^B{q) [{uj - ujq + zO)"^ - {uj + ujq - lO)'^] . (2.2) 

where B{q) is the modulus squared of the electron-phonon matrix element. The 
longitudinal, q\\ and the transverse, q± phonon momenta are shown separately in 



Fig. |2]^. It is convenient previously to carry out integration over the phonon 
energetic parameter u, using the formula 

/ ptD{uj, q)F{uj) = Biq)F{uJo - ^0) (2.3) 

where F{uj) is an analytical function for Im u; < 0. Now it is clear that all u ought 
to replace to ujq in all G so that only the integration over the phonon momenta 
gy and q± as well the factor -B(q) correspond to all internal phonon lines. For the 
more important polar electron-phonon interaction we obtain 



B{q) = Bo $(q_L, q\\), Bq = nav^, vq = — -, hpo = J2mJiujQ, (2.4) 

TTLc 

where ttIc is the electron effective mass. The factor Bq and the form factor 
^{^.^1%) depend on the nature of the PO phonon localization. For the bulk 



polar optical PO phonon a is the usual Frolich coupling constant [|121|| 



-1 -1 -1 ^To 

I^POVPO ^PO 



where upo and ojto are frequencies of the longitudinal and transverse optical 
phonons, Kqo and are the high and low frequency dielectric permittivities. In 
this case the form factor $(q_L, q\\) is given by 



2 

*(q±,gii) = o , . 



T± + <1\\ 



d 

dz\^{z)\^^q{z] 



(2.6) 



where ip and are the wave functions of the electron and PO phonon for motion 
along 2;-direction. 
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For the surface SO phonons, the electron-phonon interaction couphng con- 
stant aso in a single heterostructure is defined on the analogy of the Frolich 
constant 



K-soVso 



(2.7) 



where kso has the form [p.06|, HOl, |112 



f^so 



so 



u=l 



^POu ^TOp 



oou I 9 



SO 



Ijj. 



(2.8) 



TOv) 



Here index = 1, 2 denotes the different media in contact at the heteroface. 
The frequency of the interface SO phonon is the root of the following equation 
12^, [T23| 



2 2 2 

^ e.(^) = 0, e^uj) = K^,^^^^^ (2.9) 



where is the dielectric function of the medium v. In this case, the form factor 
$(q_L) is given by 

2 



$(q±) 



Pso 
2q± 



dzlipi^z)]"^ exp {—q±z) 



(2.10) 



In formulas ( ^^ -( p30|) , Vpo, Vso and ppo, Vso are defined in the same way as 
Vq and Pq in the formula (|2.4| ). Below a and ojq will denote either apo and upo 
or aso and ujso- 



In Fig. the shaded box shows the amplitude □ which has no dangerous 
intersections with one electron and one phonon lines, z.e □ is regular at e — ^ 5^, 
and therefore, can be calculated using the expansion in coupling constant a. The 
irreducible amplitude □ can have an intersection in one electron line, therefore 
in the lowest order in a, the equation shown in Fig. |2.4] takes place. The point 
corresponds to a gauge invariant part of the electron-phonon interaction vertex: 



Ass'(q-L) = e 



-i(p{s~s') 



1 



he 



Qss'{t), t = -a^q^, = \^ 



eB' 



(2.11) 
(2.12) 



where L^ ^'(t) are the associated Laguerre polynomials and is the polar angle 
of the vector q_L. 
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Figure 2.4: Irreducible electron-phonon scattering amplitude □. 

Since we are interested in the spectrum region near the "threshold" referred 
to the Landau level n then it is possible to avoid of the summation over the 
Landau quantum number s in the dangerous intersection in the second term of 
the right-hand side of the equation for S. In this energy region e ^ En, only 
the non-analytical contributions from G are essential in the sum over quantum 
numbers of the internal electron lines. Thus in the equation for S only the term 
s = n should be retained in the sum over s. For the same reason, in the equation 
for S in all electron external lines, we ought to put s = s' = n. Notice that in the 
gauge invariant diagram technique it is possible to choose for S and □ "four-tails" 
such a definition that these quantities will depend only on the difference (p — (p' 
of the polar angles of the vectors q_L and q'j^. Therefore, expanding S and □ into 
the Fourier series, the angle variables / in the equation for E can be separated. 
Then the Fourier components 

El(5;t,t',g||,gf|) = /^'^g, e-^'(<^-^')Si(5; q^, q'^; g,,, gfj) exp{^[q^q'J} (2.13) 
with / = 0, ±1, ±2, . . . will satisfy the independent equations 

_ POO _ _ 

E'^ie; t, t'; g,,, = □^(t, t') + M^ie) ^ / dtnl{tt}<^{t, qi\)K{^; t, t'; g,, , g,,) 

(2.14) 

where are the Fourier components the of the kernel defined by analogy 
with S^. The appearance of the phase factor exp{^[q_Lq'j_]} in Eq. (|2.13|) is 
connected with use of the gauge invariant diagram technique and is the result 
of the integration over gauge non-invariant quantum number k in usual dia- 
gram technique. The square brackets in this factor mean the longitudinal (along 
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the magnetic field B) component of tlie vector product. Tlie quantity M{e) in 
Eq. ( |2.14| ) is proportional to the priming electron-phonon interaction coupling 
constant a and the density of states on the Landau level 

M„(.) = (2.15) 

consequently, it determines the effective electron-phonon interaction in the region 
near the " threshold" . 

It is seen that the integral equation ( p.l4| ) is in two variables, t and q\\. More- 
over, the electron-phonon interaction vertex part $, arising from the integration 
over z coordinate of the electron-phonon interaction nodule and depending only 
on the phonon momenta, enters in the equation in non-explicit form. (Recall that 
based on the assumption AE^ ^ ljb,ujo, we put m = 1 in all lines.) This vertex 
part with an external phonon line, however, enter as a factor into the amplitudes 
S and □ (the summation over m is absent in one electron line of the vertex in 
order to catch on the vertex with internal lines). Therefore, the integral equation 
(|2.14|) for the amplitude can be simplified by symmetrizing it and averaging 
over gy . We introduce for this purpose the averaged form factors 

m = J2^cl^,q^l). (2.16) 

911 

and new amplitudes 

±lie;t,t') = mMt'r'^' Yl $(t,gii)$(t',g||)sL(^;t,t';gii,g||), (2.17) 
alit,t') = [mHt')]'/'nlit,t') (2.18) 

Transforming to the dimensionless quantities 

RUe;t,t') = -uJo±l{e;t,t'), Kl{t,t') = -uJoa\{t,t'), Xi{e) = -oo^'Miie) (2.19) 

we obtain the final integral equation 

Rl{e;t,t') = Kl{t,t') + Xi{e) / dtKj{t,t)Rl{e;i,t'). (2.20) 

Jo 

Thus, R is the Fredholm resolvent of the kernel K, which we now write out in 
explicit form 

r- - il/2 °° 
KUt,t') = [$(t)$(t')] T.Qnsmns{t') 

.8 = 



; Jl+s-2n{'^Vtt') ; 6is 

a + s — n a — s + n 



(2.21) 
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Here the Ji is the Bessel function, a = ulq/^b, and the two terms in the square 
brackets are connected with the two terms in Fig. [j.4| . 

Now it is clear that the scattering amphtude S has a pole in e if A; coincides 
with an eigenvalue of the kernel Kj:. In other words, the equation for the energies 
of the bound states of the electron and optical phonon is 

AKe) = At,,,, r = 1,2,3,... (2.22) 

where the subscript r numbers different eigenvalues A^ of the kernel K^^. It 
follows from Eq. |2.22| that the energies of the bound states are 



n,r 



(2.23) 



where , are binding energies of the bound state referred to the Landau level n. 
It is seen that for any n = 1,2,3,..., all bound states are rigorously stationary. 
The bound states are identified by the total angular momentum / of the rotation 
around B. It takes both non-negative and negative integer values. For the wealth 
of the spectrum for a given n and /, participation in the formation of bound 
states of phonons with any momentum is liable. In the case of a 3D samples, 
the bound states appeared only below the threshold, for in this case a continuum 
of two-particle electron-|-phonon states is located above the threshold. There is 
no such continuum for the 2D electron systems so that bound states are present 
both below the "threshold" {W > 0) and above it {W < 0). This means that 
the energies of the bound states are determined, according to Eq. |2.23| , by 
eigenvalues A^ , of both signs. 



2.3 Cyclotron-phonon resonance 

In this section, the effect of the electron and optical phonon bound states on 
the spectrum of the cyclotron phonon resonance in the 2DEG is studied. The 
cyclotron phonon resonance is observed in semiconductors as a result of optical 
transitions of an electron from one Landau level to another accompanied by the 
emission and absorption of an optic phonon. According to the simplest ideas 
based on the perturbation theory |103|| , the absorption peaks corresponding 
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to the emission of the optical phonons should observed for photons of frequencies 
i>n = nujB + 1^0- The more rigorous analysis | p.U4|| shows, however, the cyclotron 



phonon resonance peaks should have fine structure due to appearance of the 
bound states of an electron and a newly created optical phonon. Thus, the 
bound states in the 2DEG should be developed in the absorption spectrum at 
energies 

hu = hUr, - Wl^, Vn = nUJB + UJq. (2.24) 

On absorbing a photon of this frequency, the electron is transferred from the 
initial s = Landau level to the s = n level and simultaneously creates the 
optical phonon which is bound to the electron in the final state. 

In calculating the absorption coefficient it is assumed that the temperature 
and density of the carrier are low enough so that T <^W and the Fermi energy 
Ef W. Therefore before the light absorption, all electrons are in the level 
s = 0. The capacitance of one Landau level allowing for two spin orientations 
in a magnetic field B = 5 T amounts Nq = 2.4 ■ 10^^ m~^. We assume also 
that electron transitions occur between the Landau levels corresponding to the 
lower transverse quantization level, k = 1, and the higher transverse quantization 
levels, k > 1 are located so far away that they can be ignored. The thickness 
of the 2DEG sheet, for which spatial quantization effects become apparent, is so 
small that the spatial dispersion of the light, can be neglected. 

2.3.1 Absorption coefficient and bound states 

The absorption coefficient can be defined from Maxwell equations as a light energy 
fraction w at the frequency u absorbed in the 2DEG in the z-direction. It is 
convenient to express the electron current density in Maxwell equations in terms 
of the photon polarization operator 11. Then using the calculation methods in 



124|| , the fraction w sought for can be represented in the form 



w^{u) = ^Imn±(z/), (2.25) 



n±(z/) = J dz,dz2ll^{iy;z,,Z2)mz,)\^mz2)\''. (2.26) 

Here n^(z/; Zi, Z2) is the photon polarization operator in the coordinate represen- 
tation. It is assumed that the incident light is along z-direction and has circular 
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polarization. The plus and minus signs pertain here to right-hand and left-hand 
polarization of the light, and is the dielectric permeability of the well walls at 



the frequency u. In the diagram technique, the sum of two diagrams in Fig. 
corresponds to the polarization operator 11^ [u). The diagrams consist of electron 




Figure 2.5: Photon polarization operator 11^ ( 



loops with all possible phonon lines and, it is convenient, to consider that all the 
electron and phonon lines are "bold", i.e. the exact electron and phonon Green 
functions correspond them. Wave lines on this figure are referred to the photon 
lines. Each electron Green function, in general, is the sum of the retarded and 
advanced Green functions, G = + G^. However, G^ is finite only for a small 
range of electronic states, the volume of which is proportional to the electron 
concentration. If put G = G^ in all lines and to carry out integration over the 
electron energetic parameter e, then one can be convinced that 11 = as far as 
the expression to be integrated is analytical in upper half plane Ime > 0. In order 
to obtain an expression for 11 in the lowest order in the electron concentration 
it is necessary in each diagram to replace G by in one electron line and to 
replace G by G^ in all remaining lines. The line G^ picked up in this way is 
referred to the initial electron state in the lowest energy level Eq and so far as 
the perturbation theory is valid in this energy range then the free Green function 
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for can be taken, 

. 27ialN 
Gs [£> = 7 77(>.o- (2.27) 

e — snuiB — 

Here N is the carrier density for Icm^ area of the 2DEG plane. Now taking the 
integral over parameters of the function Eq. ( 2.27| ), 11 can be represented in the 
form 

n±(z/) = iVP±(zy), (2.28) 

where the quantity —iP^{v) is determined by the sum of diagrams shown in 
Fig. |2.6|. In this figure shaded parts are represented by the compact diagrams 



+ 



Figure 2.6: Sum of diagrams for the photon polarization operator — zP^(z/). 

without dangerous intersections in one electron and one phonon lines referred to 
the Landau level n. As far as we are interested in the frequency range v ~ z/„, 
it is clear that the main contribution to —iP^{v) comes from diagrams with 



dangerous intersections. Therefore in the sum in Fig. p.6| , the diagrams without 
dangerous intersections giving a smoothly varying contribution in —iP^{v) and 
coinciding with the free electron contribution in the absorption are not depicted. 
Now making use of the gradient invariant diagram technique, the contribu- 



tions of diagrams in Fig. |2.6| can be calculated explicitly. In terms of the 
scattering amplitude T} with Z = ±1, it gives 

N 



(2.29) 



2 mc^ [uo + (n =F 1)ujb]'^ 

dtrft'e-(*+*')/'(tt')^"+'^^'['^'(i)'^'(i')]'^'^n'(^; t'). (2.30) 

= - / dte-'e+^e-'m). (2.31) 
nl Jo 
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Notice that two terms in the figure brackets in Eq. ( p. 29 ) are connected with 



the two terms of Fig. f^.6| . Expanding the resolvent i? as a sum over the poles, 
we bring -R^(z^) to the form 

oo \j± 12 

^ A(z/) - A±i + tO 

dt = dte~'/H^-^'y'HtY/\i^{t), (2.33) 

\/n\ Jo 



n\ JO 

where xtri't) are the eigenfunctions of the kernel Ki^^{t, t'). Now for the absorbed 
fraction of the radiation energy w, we obtain ultimately 

^^(^) = 2vriV^ ^7^^^^ i, -Im^.^(^), (2.34) 

where 

oo \^'^\fl^ |2 

(2.35) 

Here we use the completeness of eigenfunctions xtli^) a^*^ unify both terms in 
the figure brackets in Eq. ( 2.29 ). From Eq. ( |2.35| ) we see that for v < v, 



±1 



only terms of the sum contribute to Im^ for which > 0, and on the contrary, 
for z/ > z/„, only the terms, for which A^^^ < 0. It is easy to be convinced that 
ImjF = for = z/„. Taking the imaginary part of JF and using up the delta- 
function in V variable, we obtain the following final formula for the absorption 
coefficient 

p2 oo 

wH^) = 27riV^^== Y: ft^8{v - + W^^). (2.36) 



mc^ ^^)r=0 



The oscillator strength for the transition to the bound state nr with / = ±1 is 
here 

J nr ^ I r lol nr I ' V ' J 

uq + nuB [UJo + (^ =F l)t^Bj 



Recall that in Eq. (|2.36|) , W^^ denote the binding energies of the bound states 



with / = ±1, located near the "threshold" u = Un. So far as for the initial state 
/ = then it is seen that the same selection rules as for free electrons are remained 
for the total momentum /. At the absorption of right-hand polarized light, the 
bound states with I = +1 are manifested while for left-hand polarized light, the 
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bound states with / = — 1 are actual. Namely on this ground, one can consider 
Z < as a generalization of the Landau quantum number. 
Using the identity 

oo 

E \dnf = ^n, (2.38) 

r=0 

one can find for the total oscillatory strength 

fn =2^ fur = « 7 T ,f T^^n- 2.39 

^ uJo + nujB [uJo + =F l)ujBr 

It is seen that at n = 1 in the strong magnetic fields, ujb ^ ujq, there is an asym- 
metry in the absorption with respect to the left- and right-hand polarizations. 

Notice that the first term in the figure brackets in Eq. |2.29| corresponds 
to a perturbation-theory calculation of the absorption and yields a delta-hke 
absorption peak at the "threshold" for z/ = z/„. Actually, there is no such peak 
in absorption. It is canceled out when the second term is taken into account 
so that absorption is concentrated on the bound states below and above the 
"threshold" u = z/„. In the 3D case, this corresponds to the transformation of 
the threshold singularity {u — z/„)~^/^, which becomes infinite at the threshold, 
into the singularity (z/ — UnY^"^, which goes to zero |p.05| . 



2.4 Binding energies and oscillator strengths 

The investigation of the kernel (|2.21 ) cannot be done in general case. Therefore 
in this section, the actual calculation of the binding energies and of the oscillator 
strengths are carried out by considering separately the limiting cases of strong 
and weak magnetic fields, i.e. ujb ^ ojq and ub ^ t^o- 



2.4.1 The averaged form factors 

We find first the averaged form factors $ and <l>(t) for the bulk PO phonons in- 
side quantum wells and in heterostructures as well as for the surface SO phonons 
created in single heterostructures near interfaces separating different materials. 
These form factors, just as the electron-phonon interaction coupling constants a, 
depend on the interaction mechanism and on the nature of the phonon localiza- 
tion. According to the experimental situation, we consider that in the quantum 
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wells, electrons are confined in the infinitely high quantum well (par example, in 
the AlAs/GaAs/AlAs type quantum wells, the height of the well walls is circa 
1500 meV at the same time as the energy of the lowest level of the spatial quan- 
tization is around 50 meV). Hence the electron wave functions and energies for 
an electrons moving along z || B-direction are 



12 . 7Tk , 

- sm —z, k 
a a 



2*2 



1,2,3, 



(2.40) 



where d is the width of the well. The bulk-like PO phonons in the quantum wells 
are confined between well facings ||122| , |123| | and, therefore, their wave functions 
for the moving along z are 



77 



V'qii ^^'^ = V ^ ^11^' % = J = 1) 2, 3, . . . . (2.41) 
In the case of the heterostructure, we use the variation electron wave function for 



the lowest level of the spatial quantization suggested in ||125| , |T2| 

//,3\l/2 



zexp — - 



hz 



(2.42) 



where the parameter h is determined from the minimum of the total electron 
energy. The average distance z of electrons from the heteroface is z = 3/6. 

In this case, the bulk PO phonon motion along z is confined from one side 
by the heteroface (PO phonons do not penetrate from one material of the het- 
erostructures to another.). Therefore, wave functions are given by 



-smg||2, gy 



TT . . 



1,2,3,..., 



(2.43) 



where L is the normalizing length in that semiconductor where the 2DEG is 
located. 

Now using the condition that the well be narrow, which is equivalent to d <^ 
o-ByPo, we find the averaged form factors (|2.16| ) and ( |2.31|) : 
for the PO phonons in the quantum wells 



I) = 



O ^ 3 OO -| 



TT 



n=l 



d( sin^ ( sin n( 
ujpo 







V12 


SttJ 



{ppod/n) , 



(2.45) 
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for the PO phonons in the heterostructures 

m = ^5'/' ^ 2, 165^/2, = (1 + n)m, 6 = {ppoz/nf. (2.46) 
16 

For the surface SO phonons created at the single heterofaces one can obtain 

1 /cT\i/2 _ (2n + l)!! ^ uso . ^ 

Notice that form factors $(t) and which enter in the kernel ( |2.21| ) and in 
the polarization operator ( [^.29| ), respectively, do not depend on the width of the 
2DEG in the case of the SO phonons (so long as ^ o^b^Pso) while in the case of 
the bulk PO phonons, the width d enters in the form factors only as a factor. For 
the latter reason, the binding energies and oscillator strengths of the PO phonon 
assisted bound states in the quantum wells and heterostructures differ only by 
numerical factors appeared in the form factors ^(t) in Esq. ( p.44| ) and ( 2.46|) . 



For brevity, therefore, below we adduce only results for PO phonons in quantum 
wells, bearing in mind that the binding energies and oscillator strengths for PO 
phonons in heterostructures can be obtained from W and / in the quantum wells 
by multiplying them with a numerical factor 4.7. 

2.4.2 Strong magnetic fields 

In the following we will consider the bound states for / = ±1, since only these 
branches of the bound states contribute to the light absorption. 

In the strong fields we have a = ujq/ujb ^ 1, and therefore, only the term 
s = is to be retained in the sum for the kernel ( p.21| ), so that 

Ki\t,t') = ±[^{t)^{t't'^Qnn{t)Qnn{t') [j±i_„(2v^) - . (2.48) 

For the PO phonons at n = 0, one is managed to find the solution of this kernel 
using the invariance of the Laguerre polynomials with respect to the Bessel trans- 
formation. The kernel (|2.48|) differs only by a factor from the kernel investigated 



in Ref. |127|. Therefore, borrowing the eigenvalues and eigenfunctions from this 



reference, we get the binding energies and oscillator strengths in this case 

= M-ir{^ + |^)/(^+^)5^/V-iac..o, (2.49) 
/.^ = 5(r+l)(^ + |^)A-^V/V (2.50) 
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where p = {\/5 — l)/2 = 0.618 . . . coincides with the golden ratio, r = 1, 2, 3, . . .. 
We see from here that the spectra and oscillator strengths of the branches I = 1 
and Z = — 1 are obtained from each other by mirror reflection about the threshold. 
This is true also for the case of the SO phonons at = 0. Comparison of the 
formulas ( p.49| ) and (|2.50| ) with corresponding formulas from ||127| , |105|| shows 
that the binding energies and oscillator strengths fall slowly in the series than in 
the three dimensional case. As before, however, the first line contains the main 
part of the total absorption and is mostly removed from the "threshold". For 
the case of the SO phonons as well as for the PO phonons at n 7^ 0, one is not 
succeeded to find the exact solution of the kernel K^^. Nonetheless, one can see 
from Eq. ( |2.48| ) that in this case, all the physical parameters, particularly d and 
B, enter in the kernel K^^ only in the form of multipliers (via the from factors). 
This means that the eigenvalues X^^ are proportional to these factors and the 
eigenf unctions xtr do not depend on them. As a result, the dependencies of the 
binding energies and the oscillator strengths on d and B are easily determined. 
Applying the methods related with the Sylvester determinants ||128||, one can 



show that eigenvalues of the kernel |2.48| of either sign exist, and their number in 
both signs is infinite. The increasing velocity of the eigenvalues is determined by 
the analytical features of the kernel ||129|| ; as far as the later are the same both 
for the case of the PO phonons at n = and for the case of the PO phonons at 
7^ as well as for the case of the SO phonons, then one can anticipate that the 
eigenfunctions of the kernel (|2.48| ) will increase exponentially. This means that 
the formulas (|2.49| ) and (|2.50| ), obtained in the particular case, correctly illustrate 
the dependencies of the binding energies and the oscillator strengths on the series 
number r. Formulas for the binding energies and the oscillator strengths of the 
most removed bound states are collected in the Table |2.1| . Thus, in the strong 
magnetic fields for any / = ±1 both for PO and SO phonons, there exist two 
sequences of bound states concentrated to the "threshold" both from above and 
below it. 
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Table 2.1: Binding energies and oscillator strengths in the strong magnetic fields. 
Recall that W2D = a^tuo denotes the characteristic binding energy scale for the 
2DEG. The bound state index r = 2, 3, 4, . . .. 



Phonon 
mode 


Binding energies 


Oscillator strengths 


PO 




for = rp^''5^apo 
f^^ ~ Saapo, n>2 


SO 




for ~ cr^aso 

fir ~ 0-~^aso, fir ~ O-^OisO 
fnr ~ 0-^«5O, n>2 



2.4.3 Weak magnetic fields 



In weak fields (a = ujq/ujb ^ 1), the kernel ( |2.21 ) can be approximated by a 
sequence of degenerate kernels [p. 2 7] , |105|| , i. e. terms of the sum in ( p.21|) can be 
expanded in powers of a"^ so that this ( p.21|) can be represented by 



CXD 
■ ■ n 



(2.51) 



i,i=0 



where 



{g^{t)\ = t^e-^^Jm■ (2.52) 

The coefficients {K^)^- are constructed in such a way that if we retain a finite 
number of terms in the expansion in terms of 0"~^, an infinite matrix reduces 
to a finite one while the integral equation-to a finite system of linear equations. 
Solving the obtained finite system of linear equations one can find the eigenvalues 
A^^^ and the integral ( p.30|) from the resolvent -R^^. For example, in the principal 



CHAPTER 2. ELECTRON-OPTICAL PHONON BOUND STATES 



54 



order retaining the terms of the order of a ^ and dropping the terms of the higher 

we find for: 



order of a ^,0" ^, 



n 







a 



-1 



for n = 1 



3a- 

-1 



cr 



(7 





-1 



-a 



-1 



(2.53) 



a 



-a 



-1 



(2.54) 



In this lowest order in B we get three bound states above the "threshold": two 
with / = +1 and one with / = — 1. Expressions obtained for the binding ener- 
gies and oscillator strengths at = and n = 1 are collected in Table p.2| and 
|2.3| , respectively for the bound states with assistance of the PO phonons in the 
quantum wells and heterostructures and of the SO phonons created at the single 
heterofaces. It is seen from Tables p. 21 and E.3| that the state with / = — 1 is 



Table 2.2: Binding energies and oscillator strengths in the weak magnetic fields 
for the PO phonon assisted bound states in quantum wells. 



n 


Binding energies 


Oscillator strengths 


n=0 


Wl, = (2 ± v^) + I) 5ha-^W,^o 




n=l 


= -(3 ± v^) (f^ + 6la~^W,^o 
= -2 (f^ + 1^) 6la-^Wi^ 





located between the two states with / = +1 and the oscillator strength of the 
state with / = — 1 is the sum of the oscillator strengths of the two states with 
/ = +1. If retain also terms of the orders of cr~^, the order of the matrixes {K^)ij 



CHAPTER 2. ELECTRON-OPTICAL PHONON BOUND STATES 



55 



Table 2.3: Binding energies and oscillator strengths in the weak magnetic fields 
for the SO phonon assisted bound states at the heterofaces. 



n 


Binding energies 


Oscillator strengths 


n=0 






n=l 




/ll,3= 16V4T '""SO 



will increase by one, and new bound states will appear with the binding ener- 
gies and oscillator strengths proportional to cr"^. Omitting highly cumbersome 
computations, we adduce only final formulas for the binding energies and the 
oscillator strengths at n = of higher order in a"^: 
for the PO phonon assisted bound states 



2D ' 




c- — 2r 

02(j dpoi 



for the SO phonon assisted bound states 

.(2r- 1)!! 



2r+l 



[(2r-l)!!f 

23r-l^| 




a 



so 

2D ) 



OiSO- 



(2.55) 
(2.56) 



(2.57) 
(2.58) 



In these formulas r — 2,3,4, . . .. The upper and lower values in the figure brackets 
pertain to the right- and left-hand polarization of the fight. Recall that W2D = 
ahujQ denotes the characteristic binding energy scale for the 2DEG. Now it is seen 
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that upon increasing the bound state index r, the binding energies and oscillator 
strengths fall sharply both for PO and SO phonons. Furthermore, in weak fields, 
this decrease of W and / is faster than that of in the strong fields. In the weak 
fields, the following relation takes place 

—W^. (2.59) 

J nr nr y^.^^j 

In the strong fields, this relation holds at n = only for the right-hand polar- 
ization. The corresponding expression for the left-hand polarization at n = 1 as 
well as for both polarizations at n > 2 are 

fnr ~ ^f^nr (2-60) 

and at n = 

fnr ~ ^^Wt. (2.61) 

i.e. in these cases the oscillator strengths are essentially weaker. 

From the results of the calculations for W and /, thus, it becomes clear that 
the absorption spectrum in both the right- and left-hand polarization should con- 
stitute an "asymmetric doublet" (Fig. p.7|) . In the strong fields this asymmetry 
is with respect to a numerical parameter of type p and in the weak fields - with 
respect to the large parameter a. 



2.5 Discussion of results 
2.5.1 Numerical estimates 

Both from the fundamental and technological point of view, the most impor- 
tant nanostructures are based on GaAs/Ala;Gai„a;As heterojunction. Therefore, 
for numerical estimates, we choose a GaAs/A^Gai^^iAs single-heterostructure or 
quantum well as our calculation model. The values of physical and material ||130|| 
parameters for these structures are given in Table |A.1| in Appendix 0. The ener- 



gies and coupling constants for the SO phonons arising at the GaAs/Al^.Gai„i.As 
heteroface for x = 0.3 and x = 1 are obtained from formulas ( |2.7| )-( p^ . There 
exist two, GaAs and AlGaAs like SO phonon modes for a given x with energies 
below the GaAs like and AlGaAs like bulk PO phonon energies, respectively. The 
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Figure 2.7: Cyclotron phonon resonance spectrum. The dashed hne shows the 
absorption spectrum when no bound states are taken into account. The bold line 
is the skirt. 

coupling constant aso for the electron interaction with GaAs like SO phonons is 
much greater than that of for the AlGaAs like SO modes. Therefore we ignore the 
electron coupling to such AlGaAs like SO phonons. Notice that the SO phonon 
energies and coupling constants for each mode are changed weakly in x. 

Let discuss in more detailed the bulk PO phonon localization effect across the 
GaAs/Al^.Gai„^,As heteroface. Using the experimental results [131|, we find that 
the PO phonon dispersion law in GaAs can be described by 

^Lo{q) = ^Lo - %] , u;lo = 295 cm"\ go = 18.5 nm"\ (2.62) 

The phonon momenta important in the formation of bound states obey to the 
restrictions, q±^a]^^ and q\\<-n/d. Even in strongest fields {B = 20 T) and for 
narrow wells {d = 2.5 nm) we have g<l nm"-*^ so that \ujpo{q) — uJpo\^l cm^^. 
However, the GaAs like PO mode in Gao.rAlo.aAs has the frequency 284 cm~^. 
Therefore, the PO vibrations in GaAs are localized in a well with walls of height 
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Sujpo = 11 cm ^ which is considerably greater than the dispersion \ujpo{q)—ujpo\- 
The depth of penetration of the PO vibrations of GaAs into Gao.7Alo.3As can be 



estimated as q ^yupo/Scupo ~ 0.3 nm. This means that the bulk PO phonons 
are strongly localized in quantum wells. This result is in full agreement with the 



experimental Raman scattering data. |132, 133, 134 



The assumption of the narrow well, AE^ = E2 — Ei ^ fiup, fiujQ, is well 
justified for the well width d less than 20 nm. Par example, at c? = 10 nm, the 
transverse quantization separation between the first and second highest levels is 
AEd = 170 meV which is notably greater than the phonon energies, hupo = 36.62 
meV, huJso = 34.57 meV at a; = 0.3, and huso = 34.82 at a; = 1. In the 
GaAs/A^Gai_2:As quantum wells and heterostructures, the resonance fields are 
Bpo = 20.87 T, Bso = 19.70 T at s = 0.3, and Bso = 19.85 T at x = 1 so that we 
usually obtain the situation ujb^^^o and, therefore, in estimates we use formulas 
obtained in the case of the weak magnetic fields. Thus, for GaAs/Al^.Gai_i,.As 
quantum wells and heterostructures using formulas in Tables and |2]^, as well 
the numerical values from Table A.l , we obtain ultimately the W and /. The 
results for the most removed states bound to the PO and GaAs like SO phonons 



{x = 0.3) in the case of n = 1 are collected in Table |2.4] . One can see that for 
(i ~ 10 nm and B ^ Bq the binding energies are W ^ 1 meV. 

For actual estimates of the absorbed energy fraction, w, we have to allow 
for the Landau level broadening, i.e., for the smearing of the delta-function 
in Eq. ( p.36|) . In rough estimates we can replace the delta-function with a 
Lorentzian characterized by the total width h/r, where r is the relaxation time 
deduced from the mobility. At the absorption maximum we have then 7t6{uj) ^ r, 
so that 



w = Attn , /r. (2.63) 

In quantum wells of good (but not exceptional) quality we have /i = 10^ V s m~^ 
which corresponds to r = 4 ps and a line width h/r = 0.15 meV. Therefore, in 
a field of i? = 4 T and for = 10 nm the bound states from Table |2.4| can 
hardly be resolved. However, if the field is increased up to 10 T and the well 
width up to 15 nm, we can increase the binding energies and oscillator strengths 
by an order of magnitude, i.e. we can obtain W ^ 1 meV and / ~ 10~^. We 
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Table 2.4: Binding energies and oscillator strengths in the weak magnetic fields 
for the PO phonon assisted bound states in quantum wells. In these formulas d, 
B and W should be taken in nm, T, and meV, respectively. 



Phonon 
mode 


Binding energies 


Oscillator strengths 


PO 


WA,3 = { L2 } (5/20.87)^ 
W{2 = 1.9(t;/10) (S/20.87)^ 


/A^3 = 2.6 ■ 10-2 (d/lO) (5/20.87)^ 
/fa = 5.2 ■ 10-2 (d/lO) (B/20.87)^ 


SO 


WA,3 = - { 
W,-2 = C 


1.5(5/19.7)^ 


/i,3 = { } • io-M5/i9.7f 

/fa = 1.4 -10-2 (5/19.7)^ 



will estimate the absorption under these conditions on the basis of Eq. (|2.63|) . 
Assuming that = 4 ■ 10^^ m-^^ we find that w = 5 ■ 10~^. This means that a 
ten-layer superlattice can give rise to the fully perceptible absorption amounting 
to few percent. Recalculation to the bulk absorption coefficient 'j = w/d yields 
7 ^ 10'' m"^ (at a bulk density N/d = 5 ■ 10^^ m"^). 

The above estimates for the phonon dispersion \ujpo{q) — ujpo\ and for the 
binding energies W shows that \ujpo{q) — ^po\ <^ at the phonon momenta 
important in the bound state formation. This means that the neglect of the 
phonon dispersion is justified in this theory. 



2.5.2 Conclusion 

From the results of the calculations it follows that the branches of the spectrum 
of two-particle elementary excitations in the 2DEG exposed to the quantizing 
magnetic field normal to the electron sheet plane describe the bound states of 
the electron and the optic phonon and there are infinite number of them. The 
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bound states are characterized by the total angular momentum / = 0, ±1, ±2, . . . 
of rotating around B. The states with a given / are additionally numbered by 
indexes n and r. Index n indicates the number of the "threshold" near which an 
infinite sequence of the bound states numbered by the index r is located. Upon 
increasing r, causing the binding energy to fall, there is a simultaneous fall 
also in the oscillator strength /^^, approaching to zero at r ^ oo. The absorption 
is governed by the bound states with I — ±1. The binding energies, generally 
speaking, can be of any sign. Therefore the absorption concentrated not at the 
"threshold" but below and above it at the separation of W^^^. The characteristic 
scale of the binding energies W2D — OiCUo is essentially greater than corresponding 
scale in the massive samples, W2D — oP'loq. 

The bound states and the cyclotron phonon resonance are determined by the 
density of states of a system of two particles: an electron at the level n and 
an optic phonon. Since the phonon dispersion is ignored, it follows that both 
particles have an infinite mass so that this system does not have a continuous 
spectrum. All the electron and phonon states are bound and rigorously stationary. 
This is the fundamental difference between the cyclotron phonon resonance in a 
2DEG and that in a 3D eectron gas. For this reason the absorption coefficient 
for the 2D cyclotron phonon resonance cannot be calculated from perturbation 
theory. 

In strong fields, the binding energies and the oscillator strengths of the states 
above the threshold are of the same order of magnitude as for the states below the 
threshold. Therefore, the absorption spectrum should consist of two groups of 
peaks, which are of approximately the same amplitude and are located approxi- 
mately asymmetrically relative to the "threshold" . The separation between these 
two groups of peaks is of the same order of magnitude for the right- and left-hand 
polarizations. The absorption depends on the number n of the final Landau level. 
The maximal absorption is for the right-hand polarization for the bound states 
arising near the n — 1 level. The absorption for left-hand polarization at n = 1 
and for both left- and right-hand polarizations at n > 2 are {B/BqY times less. 
At n = 0, the absorption is suppressed for both polarizations in (B/Bq) times In 
weak fields the bound states with the maximum binding, energies and oscillator 
strengths lie above the thresholds, because the peaks below the threshold (at 
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ly < z/„) should be weaker and closer to the "threshold". However, in contrast to 
the case of strong fields in the weak fields, the absorption is of the same order of 
magnitude irrespective of the polarization and of the index n. In the 2DEG, all 
bound states in the case of > 1 and part of states at = lie above the PO 
phonon energy, hence their observation should not be hindered by strong lattice 
refiection. 

From comparison the binding energies for PO and SO phonons in Tables 



and 2.3 it is clear that 



2 



6a-U^y^l, (2.64) 



Wso V ujd . 

In this estimate the difference between the numerical values of the coupling con- 
stants a, the phonon frequencies ujo for the PO and SO phonons are ignored. 
The relationship (|2.64|) applies in strong and weak fields. A similar relationship 
describes the oscillator strengths. Thus, the states bound to SO phonons should 
be easier to observe experimentally. 



Chapter 3 

Electron-phonon relaxation. 
Interface effect 



3.1 Introduction 

Scattering of electrons in massive samples by lattice vibrations in metals and 
semiconductors has been intensively investigated in the last several decades and 
at present it is well studied. Comprehensive reviews for a variety of scattering 
phenomena are given in |135| and [ 13(j|j . In the last years semiconductor nanoscale 



systems with carrier confinement in one, two, and all three dimensions are attract- 
ing increasing interest (see reviews p, 0, p, ?]). The wave functions compressed 
by the lateral confinement may lead to a substantial enhancement in the optical 
properties of device nanostructures because the quantum effects can be used to 
concentrate the optical oscillator strengths at the active transitions. Furthermore, 
these structures under different new environments exhibit discrete charging effects 
and give promise of devices operating in the limit of single electron transport. In 
GaAs/AlGaAs type heterostructures. Coulomb scattering of electrons on the ion- 
ized impurities can be suppressed by concentrating the impurities in layers with 
wide bands while charge carriers — in narrow bands. Such a spatial separation of 
the impurities and charge carriers is attained by use of a modulated doping tech- 
nique ||137|| . This leads to the strong enhancement of the carriers mobility. Even 



more higher mobilities can be achieved separating the carrier and impurities with 
an additional non-doped spacer ||138|1 . A comparison of experimental results with 
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theories of electron scattering in modulated doped heterostructures with spacers 
shows [ [I39| ] that in temperatures some below 77K, the acoustic phonon scattering 
dominates while at helium temperatures — Coulomb scattering. In the higher 
temperature range, the electron scattering goes mainly due to the electron-optic 



phonon interaction ||140|| . In the intermediate temperature range 4.22 — 77 K, the 
piezoelectric scattering of acoustic phonons is suppressed ||141|| hence the scat- 
tering of the 2DEG on the deformation potential of acoustic phonons becomes 
more important. Investigations of the carrier scattering in the 2DEG have been 
carried out by many authors [|142| , |143| , |144 , 145 , 146 1. The electron scattering has 
been considered in inversion layers [ |142|| and heterostructures |p.43| , |144|| . Various 
relaxation times verified experimentally have been calculated ||145| , |146 |. How- 
ever, the effect of the phonon reflection from various interfaces on the scattering 
of the 2DEG from acoustic phonons has not been considered. Interfaces always 
exist in real structures such as inversion layers, heterostructures, and quantum 
wells. (The only exceptions are ||147| , |148| , p.49| , |150|| . All these treatments will be 
discussed later.) 

It is usually accepted that the reflection is unimportant and contributes at 
most a correction factor of the order of unity. However, it will be shown here 
that this is not the case. Actually, there are situations when the reflection of 
phonons alters the energy dependence of the electron relaxation times and even 
can change the order of magnitude of the relaxation times. 

It is very difficult to include the phonon reflection using the traditional meth- 
ods. Consider the following situation: electrons in an inversion layer in the 
vicinity of a semiconductor surface. If we adopt the usual method, a semi-infinite 
crystal should be replaced by a finite volume (see Fig. |HTT| ), the phonon field 
should be quantized, the scattering probability from each phonon mode should 
be obtained, and then all these probabilities should be combined, which is fol- 
lowed by going to the limit L —>■ oo. It is necessary in the calculation of the 
phonon modes to impose on the surface z = near which electrons are located, 
the correct boundary condition, i.g., the absence of a stress on the free surface. 
Arbitrary boundary conditions can be applied to the far surface at z = L. How- 
ever, irrespective of the choice of the boundary conditions, the vector nature of 
the phonon field makes it practically impossible to calculate the complex normal 
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put real boundary 
conditions on this 
side 




put any boundary 
conditions on the 
far side 



Figure 3.1: In usual method for calculating the transition probability an infinite 
crystal is replace by finite box of length L. 

modes of a plate in the limit L — oo. We can bypass this problem by focusing 
our attention directly on the scattering probability summed over all the phonon 
modes. Such a probability evaluated in the Born approximation can be expressed 
in terms of the phonon field correlation function ||151|| and the correlation function 



itself is given in terms of the elasticity theory Green function |p.52|| . The limit 
L oo can be then reached for such a function without any difficulties. 

In this chapter, the effect of interfaces separating elastic semi-spaces on the 
scattering of the 2DEG from the deformation potential of acoustic phonons is 
studied PT|, H3, This problem is sufficiently multiplex, in the sense, that it 



contains a number of interesting particular cases of the free and rigid surfaces, 
the solid-liquid interfaces etc.. Study of these limiting cases favors more com- 
plete understanding of the interface effect on the electron scattering. On the 
other hand, they have their own significance for device structures in each con- 
crete case. Par example, the case of the solid-liquid contact is applicable directly 
to the electrolyte-semiconductor device structures which are attracting increas- 
ing interest in the last years in connection with a developing of new devices for 
the solar energy transformation [ |153| , |154|| . The model of rigid boundary can be 



applied to situations when the second medium is sufficiently heavy, for example 
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metal-insulator-semiconductor (MIS) structures with a heavy gate and a thin ox- 
ide layer. If in the rough approximation, differences between acoustic properties 
of the dielectric and semiconductor are ignored, and a metal mass density account 
for infinity, then the system can be described in the frames of this model. The 
model of a free surface applies directly to inversion layers which are formed on 
natural semiconductor surfaces (for example, Ge or InAs) and to heteroj unctions 
located at distances of the order of 10 nm from the surface. Our model is most 
applicable to systems where an insulator in the MIS structure is not deposited on 
the surface, but simply clamped {Mylar foil). The acoustic contact is then poor 
and phonons in the semiconductor are reflected from the semiconductor-insulator 
interface as if it were a free surface. We also wish to mention MIS structures with 
a thin oxide layer and a thin (optically transparent) gate. The reflection coeffi- 
cient for the semiconductor-insulator and insulator-metal interfaces are relatively 
small. Neglecting, in the first approximation, the differences between the acoustic 
properties of various media, we can describe such a system using our free surface 
model. 



In Sec. ^]2| a new method for calculating the probability of electron scattering 
from the deformation potential of acoustic phonons is developed |^ which is 
applicable to an arbitrary geometry of the sample. Using this method, it is pos- 
sible to treat the refiection of phonons from a crystal surface and from interfaces 



separating different materials. To illustrate the method, in Sees. |3.5| and p.6| the 
energy (and electron temperature) and the momentum relaxation 

rates for the Fermi 2DEG in the vicinity of an interface separating semi-infinite 
elastic spaces are calculated. Our results and conclusions are summarized in 
Sec. ^ 



3.2 Interface effect on the electron-phonon in- 
teraction 

We consider the deformation interaction of electrons with acoustic phonons. As- 
suming a non-degenerate band, we can write the interaction Hamiltonian in the 
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lowest order of atomic displacements in the form 

Hint = ^'^ij{diUj{r) + djUi{r)}. (3.1) 

where, i,j = 1, 2, 3, ■ ■ ■ label Cartesian coordinates {x = 1, y = 2, z = 3), Eij is 
the deformation potential tensor, Uj{r) are the displacement vector components. 
Summation over repeated indices is assumed to be carried out. It is easy to show 
that the probability of an electron transition from a state \£'„(r) with an energy 
to a state \E'„/ (r) with an energy e„/ due to the perturbation defined by Eq. ( |3.1| ) 
in the first Born approximation is given by the following expression: 

X Eii>Ejj>dud2j < Mi'(ri)Mj/(r2) >uj ■ (3.2) 

Here < ■ ■ ■ is the Fourier transform of the correlation function of the dis- 
placement field operators in the Heisenberg representation. It is necessary to set 
uj = Ey — Eyr in the calculation of the probability. 

The elasticity theory Green function Gij{ri,r2\uj) is defined as the displace- 
ment along the i axis at a point ri due to a force density 

-5(ri-ri)e-^-* (3.3) 

applied in the direction of the j axis. 

Assuming an equilibrium phonon field at temperature T, we find that the 
correlation function in Eq. (|3.2|) can be expressed in terms of the above retarded 



Green function 152 



< Uiir^)uj,{r2) >^= -2[Nt{uj) + l]lmGij{ri, r^liv) (3.4) 

where Nt is the Bose factor 

Nt{uj) = [exp{huj/T) + (3.5) 

The Green function ^^^(ri, r2|co') includes naturally all the boundary conditions 
at the interface and at the surface of a sample. When some of the boundary 
conditions are replaced by the boundary conditions at infinity then the retarded 
Greet function Gij{ri,r2\uj + iO) = Gretioj) should be replaced by the Green 
function corresponding to outg oing waves Gouti}^)- 
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Eqs. ( p.2|) and ( |3.4| ) solve, in principle, the problem of calculating the electron 
transition probability between arbitrary electron states in the case of deformation 
scattering of electrons from equilibrium acoustic vibrations and they apply to an 
arbitrary geometry of the sample. This approach is especially efficient at the cal- 
culating of scattering in lower dimensional systems (in systems with the 2DEG, 
in quantum wires and dots) when the presence of various interfaces, separating 
different materials, distorts phonon modes. This method advances an easier way 
to account for the phonon reflection from various interfaces and to calculate the 
transition probability summed over all the phonon modes, including the surface 
phonons. Recently, this method has been used to calculate the electron scattering 
on surfaces of cryogen crystals (solid hydrogen, deuterium, and neon) from lattice 
vibrations | ]155| | . It should be noted also that the Green functions of the elastic- 
ity theory are sufficiently well studied for several interesting sample geometries 
(for a review quod vide ||156|| ), which makes easier their use and notably shorts 
calculations of the transition probability. 

3.3 Scattering in a Fermi 2DEG near interfaces 
separating elastic semi-spaces 

In most cases, the elastic properties of a sample are those of a layered medium (for 
example, a semi-infinite semiconductor or a system consisting of oxide and metal 
layers) and electrons move in a plane parallel to the interface. We shall assume 
that the plane z = near which the 2DEG is located in a medium 1 represents 
the interface between two elastic media and the z-axis is directed away from a 
medium 2. Such systems have the translation invariance in x and y directions so 
that it is convenient to make the Fourier transformation 

/(pq 
j^-^ g^j{uj, q\zi, Z2)exp[iq ■ (Ri - R2)] (3.6) 

where r = (R, 2;), q and R are two-dimensional vectors in the (x, ?/)-plane. In 
the absence of a magnetic field, the electron wave functions are given by 

^nk(r) = ^ exp[^k • R]Mz). (3.7) 
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Here, k is the electron momentum in the (x, y)-plane, n labels states describing 
the electron motion in the direction of the z-axis, is the area of the structure 
in the (x, ?/)-plane. Substituting Eqs. ( p.6|) and (|3.7| ) in Eqs. (|3.2|) and ( p.4|) we 
obtain 



where 



2 11 

— [Nt{uj) + -±-] I dzi I dz2i'*^,{zi)ij*{z2)^pn'{z2)tpn{zi)V{uj,q\zi, Z2) 



L2 



2 2' 



(3i 



X'(a;,q|2;i,Z2) = -lm[Eii,Ejj,qiqjgi,j, 



d 



d 



+ ^ 



33 



-5'33]- 



(3.9) 



'Cki(k2 

Here the indices i, j take only values 1, 2. For brevity, we have omitted in Eq. 
the dependence of gij on their arguments. It is necessary to set q = k — k' in the 
transition probability defined by Eq. ( p.8| ). The + and — signs in Eq. (|3.8| ) refer 
to transitions involving an energy loss, hu = Enk — £n'k' > and an energy gain, 
hu = Sn'k' — £nk > 0, respectively. 

We can further simplify the problem assuming that the scattering takes place 
in an isotropic band with an energy minimum at the center of the Brillouin zone 



6,. 



(3.10) 



We further assume that all the layers are elastically isotropic, which means that 
the dependence of Qij on the orientation of q is trivial and is determined by the 
matrices describing rotations in the {x,y) plane ||156|| . We then can exploit this 
isotropy in the {x, ?/)-plane and obtain 



V{u}, q\zi, Z2) = E^K{uj, q\zi, Z2) 
where the kernel K is given 



K{u;,q\zi,Z2] 



-Im 



d 



d 



- ^fl^93, + <1^^^^9.3 + ^^^^ 



933 



(3.11) 



(3.12) 



Since the kernel K is independent of the orientation of vector q, we may choose 
q II X, which yields 



K{uj,q\zi,Z2) 



-Im 



d 



d 



(±1 (±2 OZ1OZ2 



933 



(3.13) 
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Recall that the notation q = {q^, qy) is used. 

Further we require the kernel K for the contact of the semi-infinite elastic 
spaces. The Green function of the elasticity theory for this case have been calcu- 
lated in ||157|| . Substituting in Eq. ( p.l3| ) the obtained results for gij from ||157|| , 



it is straightforward although somewhat tedious to derive an expression for K. 
We use following notations 

r± = {al + q^f ± Aq^aiUt, h± = + q^ ± 2aiat, 7 = (3.14) 



« = yg^-^^^^, /5=Vg^-^ (3.15) 

where s and c are the velocities of the longitudinal LA and the transverse TA 
acoustic waves, p is the mass density in the medium 1 where the 2DEG is located. 
Quantities r', h', a' are defined according to ( p.l4| ) and (|3.15|) with parameters 



s',c',p' of the medium 2. In Eq. ( |3.15| ), the branch cut for the square root is 
assumed to lie along the negative real axis. We then obtain 

— -Im — 

ps^ 2ai 



K{uj, q\zi, Z2) = —Im— {exp[-ai{zi - Z2)] - Tlexp[-at{zi + Z2)]} (3.16) 



where 

^ ^ r4a[a't - q^) - 7V (a^^t + q') + l[2q^h+h'_ + ^{a'lat - aia't)] 

r.{a[a[ - q^) + ^^rLiam - q^) + ^[2q^h_h'_ + -^{a'^at + a^aQ] ' ^ ' ' 



In the kernel (|3.16|) , the quantity TZ accounts for the contribution to the scattering 



by the phonon modes reflected at the interface. In the range where uo > sq and 
uj > s'q, expressing TZ in terms of the sound velocities and the phonon incidence 
angles, we can easily show that TZ is the reflection coefficient describing the LA 
^LA reflection at the interface separating elastic semi-spaces. It can be easily 
seen that Eq. ( p.l6| ) aX TZ = yields the kernel K for the case when phonons 
occupy the whole infinite space. In this case, phonons of the TA type, naturally, 
do not contribute to K and the condition K ^ is satisfied only for sq < uj. 
In the range uj < cq and uj < c'q, the poles of TZ yield the dispersion law of 



the interface Stoneley waves [|158|| and, therefore in this region, the kernel K is 
nonzero only on the line uj = csq where cs is the velocity of the Stoneley waves. 
This is consistent with the result that the Green function used in the elasticity 
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theory to describe the scattering probabihty has simple poles as a function of u 
at the frequencies of the normal phonon modes of the system. Notice that for 
such layered systems, we have no normal modes corresponding to the LA and 
TA vibrations. The Green function of the elasticity theory has only branch cut 
singularities corresponding to the frequencies u = sq, s'q and u = cq, c'q. In 
general, the condition for the existence of the Stoneley waves is quite complex 
and cannot be investigated analytically for an arbitrary ratio of the parameters 
of the two contacted media [|1 59|| . It is, therefore, reasonable taking into account 



the scattering kinematics to analyze the kernel K separately for different ranges 
of the electron energy typical for the scattering in the Fermi 2DEG. This will be 
done in the next section. Vide infra we consider limiting cases of the kernel K. 

In the case of the contact between solid and liquid semi-spaces taking the 
imaginary part in Eq. (|3.16|) , beforehand tending c' — > in Eq. (|3.17|) , we obtain 
for the kernel 

K{uj,q\zi,Z2) = — — {cos[a{zi-Z2)]-'}Zs-iCos[a{zi + Z2)]},sq<Lj{3.18) 
ps^ 2a 

ps^ [Aahq^ + + - ? ) 

2 ^f^l^/jS _|_ ^2\2 

K{u,q\z^,Z2) = ^ '-^^^ 3 e-"("^+^^),g^g<cu<cg,(3.20) 

7t6 ( Aaf5q^ - + qY - ^'4] e-^^'^+'^\u < s'q (3.21) 
Y pa' I 



X 



where 



Tls-i = ^ — ^ (3.22) 

Aabq^ + ib^-qY + ^^ ^ ' 

is the LA — s>LA reflection coefficient at the solid-liquid interface. Following no- 
tation is used here 



.2 



q\ h=M-q\ (3.23) 



«=^/g^-^, /? = V^^-^, (3.24) 
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and a' and a' are defined using the parameters of tlie liquid medium. In tlie 
majority of cases the sound velocity s' in a liquid is less than the velocity of 
the TA waves in a solid, which we assume to be true here. The bulk acoustic 
phonon contribution to the scattering is determined by formulas (|3.18|) and (|3.19|) . 
Moreover, the LA phonons contribute to the scattering only in the range uj > sq 
while the TA phonons — in the whole range uj > cq. Therefore, it is impossible 
to distinguish the LA and TA phonon contributions. This is natural, as far as, in 
strict sense, there exist no LA and TA normal modes in this case. They are mixed 
in the reflection at the interface and form a single bulk wave. It follows from the 
formulas ( |3.18| )-( p.21| ) that in the range uj < s'q the kernel K differs from zero 
only if the argument of the delta function in Eq. ( |3.21| ) vanishes. In contrast to 
the boundary between the two solid semi-spaces, this condition is satisfied for any 



ratio of the parameters of solid and liquid media ||160|| and yields the dispersion 
law of the Stoneley waves ||161|| . The energy of the surface Stoneley waves is 
then concentrated mainly in the liquid medium on the distance of some phonon 
wavelengths. In the range s'q < uj < cq the value of K differs from zero because 



of the interaction of electrons with surface leaky waves ||161|| . These leaky waves 
are actually damped surface Rayleigh waves modified somewhat by the response 
of the liquid medium. This type of wave transfers energy continuously to the 
liquid forming an inhomogeneous wave moving away from the interface. This is 
due to the fact that, strictly speaking, leaky waves are not of the surface type. It 
follows from Eq. ( p.2(]| ) that the leaky waves correspond to a pole on a nonphysical 
sheet of the Green function of the elasticity theory for the solid-liquid contact. 
As the differences between the elastic properties of the two contacted semi-spaces 
decrease, the leaky wave becomes even more strongly damped, so that we cannot 
regard it surface wave. 

The kernel K for the semi-infinite space with free surface is easy to obtain 
from formulas (|3.18|) - (|3.21|) taking the limit p' ^ 0. This gives 

K{uj,q\zi,Z2) = — -— {cos[a{zi - Z2)] - 'JZfrCOs[a{zi + Z2)]} , sq < 

K{uj,q\zi,Z2) = —4:(3q\6{4a(3q^ -{(3^ + qy)e-'^^''+''\uj <cq (3.27) 
ps 
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where 

4abq'-{b'-qr 
~ Aabq^ + (62 - g2)2 ^^'^^^ 

is the LA ^LA reflection coefficient at the free crystal surface. Comparison 
of Eqs. (|3.18|) - (|3.21|) with Eqs. (|3.25|) - (|3.27|) shows that only surface waves are 
qualitatively changed: the Stoneley waves disappear while leaky waves transform 
into the rigorously stationary Rayleigh waves. Therefore in the range uj < cq, 
the kernel K differs from zero only on the line uj = Cjiq, Cr is the velocity of the 
Rayleigh waves. 

In the case of the rigid boundary, the kernel K can be obtained taking the 
imaginary part in Eq. (|3.16|) , beforehand in Eq. ( p.lTj ) tending p' — oo. This 
gives 

K{LJ,q\zi,Z2) = — — {cos[a(2;i - Z2)] - 7^,.gd cos [0(2:1 + Z2)]}, sq < 4^.29) 

K{uj,q\zi,Z2) = ^ , „,„ exp[-a(2:i + Z2)], cq < uj < sq (3.30) 
ps^ q^ + a'^o'^ 

where the LA — s>LA reflection coefficient at the rigid crystal surface is given by 

7^.. - (3.31) 

As it was to be expected, the scattering is determined only by the bulk waves in 
this case. 



3.4 Scattering probability in a Fermi gas 

It is assume that all the electrons occupy a single level of transverse motion, 
i.e. Ep fi'^d^ fi'^d = Tc'^h'^/nicCp (or kp <^ Tc/d), where d is the thickness 
of the region of the electron transverse motion in the direction of the z-axis. 
The scattering takes place between states with different k but all belonging to 
the same transverse level. The electron gas is separated from the surface by a 



distance z (see Fig. p. 21 ). For clarity, we ffist discuss the situation when the lattice 
temperature T and the electron temperature Tg are zero. Neglecting the reflection 
of phonons from the surface, it is easy to determine the phonon momenta which 
dominate in the scattering. A typical normal wave vector component q± = 
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Figure 3.2: The Fermi 2DEG located near the interface separating elastic semi- 
spaces. 

and a typical tangential wave vector component qy = {qx-,%) may generally be 
different. According to [ |162|| there are three energy ranges e—Ef for a test electron 
in which the scattering is qualitatively different. The boundaries of these ranges 
are determined by the following two energies: 

El = fiskp = ^2mcs'^EF, £2 = 7ihs/d = yOm^^sVitOd, £1/^2 = kpci/Tx <^ 1. (3.32) 

We now list the characteristic phonon momenta and energies corresponding to 
the scattering in the three ranges defined above: 

range A - e — Ep Ei, m which small-angle inelastic scattering takes place 

E — Ep 

<1± ~ % ~ — T <^kp] huj E — Ep, (3.33) 

ns 

range B - Ei <^ e — Ep <^ E2, va. which large-angle inelastic scattering is 
dominant 

E — Ep 

q± ~ — > q\\ ^ kp] huo E — Ep, (3.34) 
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range C - 82 <^ e — Sp, in which large-angle quasi-elastic scattering takes 
place 

?± ~ tt/c? ^ ?|| ~ kp; huj ~ fnrs/d -C £ — ep. (3.35) 

Now we discuss the interface effect on the scattering probability W in the 
Fermi 2DEG. For simphcity we first consider the free surface effect. It is clear 
that the boundary has no effect on the scattering probability W ior q_iZ ^ 1 
and should modify W for q±z<l. We shall show below that a free boundary 
suppresses strongly the scattering in the range B for q±z <C 1. 

Consider now only longitudinal LA phonons {i.e., assume that the shear mod- 
ulus is zero). The dilatation on a free surface satisfies u = div u = and scat- 
tering from the deformation potential is strongly suppressed when electrons are 
located near a dilatation node, i.e., for q^^z ^ 1. Since the condition z>d is 
satisfied, this cannot occur in the range C. However, we may expect suppression 
of scattering in the ranges A and B provided for 

^-^z « 1. (3.36) 
ns 

Now we account for the TA phonons. We find that u holds on a free surface 
and it would be incorrect to conclude quite generally that the scattering is sup- 
pressed. We shall now consider q\\. The inequality q\\ <S q^ holds in the range 

B, i.e., LA phonons traveling in a direction almost perpendicular to the surface 
contribute mainly to the scattering. When such LA phonons are reflected from 
the boundary, TA phonons do not participate in the scattering and, therefore, 
suppression of the scattering takes place. A strong mixing of LA and TA modes 
occurs in the region A where the condition q\\ ~ q± is not a sufficient require- 
ment for the scattering to be suppressed. It follows that strong suppression of 
the scattering in the vicinity of a free surface should occur only in the range B. 
The effect of the reflection of phonons from a free surface in the ranges A and 

C, when z{e — Sf) /hs<l, should lead only to a numerical factor of the order of 
unity. 

Now we consider in which way situation is changed for the interface between 
elastic semi-spaces. In this case because of the response of the second medium 
div u 7^ even if the mixing of the TA phonons do not take into account. The 
measure of the second medium response at q\\ = is the parameter A = ps/ p's' 
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where ps is a medium normal impedance. Therefore in those cases when the 
elastic semi-space is contiguous with a rarefied medium, i.e. A <^ 1 then one can 
expect that in the range B, the scattering suppression takes place as before. 

We have assumed that T = 0. This condition is essentially equivalent to the 
requirement T <^ e — ep- It is, therefore, clear that our estimates of and q± 
remain also valid for T 7^ provided the inequality T<6 — ep holds. We shall 
now consider scattering in the range B. It is then possible to expand the kernel 
K in powers of a small parameter s^g^/cu^. Such an expansion yields 



K{u,q\zi,Z2) 



UJ 



2ps^ 







— IZs-l COS 






|cos 


— {Zi - Z2) 


-[Zi + Z2) 
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TTa' 



7^l 



J2 



-Act 



4s'c 8cc' 



2s'c' 8 



8cc' 



+ 



(3.37) 

(3.38) 
16cc'2\ 



s'^s' 



2AV- 



77, t^-^^) 



In the region C, the arguments of the cosines in Eq. ( p.37|) are of the order of tt 
so that we can simplify K by dropping out low-order terms. This gives 



K{uj,q\zx,Z2) 



UJ 



2ps^ 







— TZq cos 






jcos 


-{zi - Z2) 


-{Zi + Z2) 
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. s 
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(3.40) 



Substituting Eqs. (|3.4CI|) and Eq. ( |3.11| ) into Eq. |3.8| , we obtain the scattering 
probability in the range C between states belonging to the same level of the 
electron transverse motion 



1 TT 



huj 



X 



cos 



NtIuj) + -±- 
2 2 



dzidz2 p{zi)p{z2) 



-[zi - Z2) 
s 



TZn COS 



-{Zi + Z2) 

s 



(3.41) 



where p{z) 



is the probability to find an electron on a level of the 



transverse quantization, and 



1 

fp 



1 nickl' "E? 



h ps 



(3.42) 



is the characteristic scattering time in the Fermi gas of electrons by the deforma- 
tion potential of acoustic phonons [|136|| . It is seen from Eq. ( p.41j ) that W does 
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not depend on the TA phonon velocity in the medium 2, therefore this expression 
is true for the sohd-hquid contact too. It is easy to find the scattering probabihty 
for the cases of free and rigid surfaces taking, respectively, the limits p — ^ and 
p ^ oo in Eq. (|CT| ). 

In region B, we can use the condition ujd/s <^ 1 and represent the kernel K 
in the form 



K{uj,q\zi,Z2) 



UJ 



1 + A 



+ 



2ps3 

7^l 



LU UJ 

sm —zi sm —Z2 

s s 









COS 


-{Zx + Z2) 


1 




. s 





(3.43) 



Provided the scattering takes place between states of the same level of the trans- 
verse motion n, it follows from Eq. ( |3.8|) that this kernel K should be averaged 
over the functions p{z) describing the transverse motion. The first term then 
involves integrals 

/OJ 
dz p(z) sin— z. (3.44) 
s 

We set z = z + (, where 

z = Jdzzp{z), (3.45) 

then the inequality {uj/s)C ~ {e — eF)d/s <^ 1 holds and the sinus in the integral 
( |3.44| ) can be expanded in powers of C, (for any z including small values of this 
quantity). Bearing in mind the definition of z, we find the integral in Eq. ( |3.44| ) 
is equal to sin(a;/s)z. As for the cosine in the second term, we can replace zi + Z2 
in this function by 2z. As a result for the scattering probability in the region B, 
we obtain 



1 27r 



Tp mc{skp) 



Nt(uj) + - ± - 



2 ^ - 
sin —z 

s 



X 



1 + A 



UJ _ 

COS 2— 2 
s 



(3.46) 



The first term in the brackets in Eq. ( 3.46 ) appears because electrons are far 
from a node of the deformation potential which occurs at 2 = for LA phonons. 
The second term is due to an admixture of TA phonons at the boundary due 
to the reflection of LA phonons and eliminates the deformation potential node. 
If the elastic properties of contacting media differ slightly, i.e. A ~ 1, one can 
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neglect the second term in the square bracket in Eq. ( p.46 ). Moreover, consider 
the 2DEG located in the immediate vicinity from the interface, i.e. z ~ d, the 
first term in Eq. (|3.46| ) also can be neglected. Then, the scattering probability W 
only by a factor 2A/(1 + A) differs from the scattering probability Wsd calculated 
without taking into account the phonon reflection at the interface. For the latter 
case W30 can be obtained by omitting the terms in Eq. ( |3.46| ) which oscillate 
rapidly in the limit z —>■ 00, i.e. the figure bracket is replaced by 1/2. This fully 
correspond also to the rigid surface case: in this case we have TZi — * 2c/ s and 
2A/(1 + A) ^ 2 when p' 00. 

The situation is changed for A <^ 1. In this case neither term in the Eq. ( |3.46| ) 
can be neglected and the scattering probability is determined by "competition" 
of all terms. Notice, that Eq. ( |3.46[ ) is valid also for the case of the solid-liquid 
contact for which 



7^l 



s / \ 



(3.47) 



Consider now the third range A representing inelastic low-angle scattering. 
In view of the absence in this region of a corresponding small parameter, further 
simplifications of Eq. ( p.l6| ) for the kernel K is not generally possible. Therefore, 
we restrict our analysis to two limiting cases of a contact between a solid and a 
liquid and their rigidity fixed boundary. Making use that in the region A, aii -C 1 
and ad <^ 1, the kernel K can be averaged over the functions p{z) in the way 
that the scattering probability in the region A can be represented in the form 

1 1- 



2 2 



K{uj,q\z,z). (3.48) 



Here the kernel K is given either by Eqs. (|3:T8|)-(p:2lD, [OSKF^) or (^)- 
( |3.30|) . The scattering rate without allowance for the phonon reflection at the 
interface can be obtained by taking the limit z ^ 00 in the above equation, i.e. 
by replacing K uj'^/2aps^. 
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3.5 Energy and momentum relaxation of a test 
electron 

We calculate the energy and momentum relaxation rates for a test electron which 
can be measured accurately in a wide range of temperatures T and Tg | 163 , 16^ ]. 



According to [ |136|j , the energy relaxation time for the test electron in the Fermi 



gas is defined as 

Qn-.n'ie) = £^ = Q+_^^,(5)-Q;_^„,(e), (3.49) 

Here Qn^n'i^) is the energy-loss power, fx is the Fermi factor. The summation 
(+) is over the final states e{k') < e{k), the summation (-) is over the final states 
e{k') > e{k). 

Substituting Eq. ( |3.41| ) in Eq. ( |3.5(]| ), we find that in the range C is 

described by 

Q(x) = — Ji \, ' ' th-, X = 3.51 

where the dimensionless integral 

Ji = d^ dz \d,p{z)? (3.52) 

JO 

is of the order of unity. Hence, it is clear that the energy relaxation rate in the 
region C is just the same (apart from a numerical factor) with that of considered 
without the phonon reflection ||162|| and this is true for any parameters of the 



medium 2. This result is explained by the fact that in the region C, the interface 
is always distant, i.e. z is greater or of the order of the characteristic phonon 
wavelength along z. Notice also that for hot electrons, x ^ 1, the relaxation rate 
does not depend on the electron energy 

As far as in the region C, the scattering is quasi-elastic (see Eq. (|3.35| )) then 
the momentum relaxation time is defined by 

' -E(l-cosg)W-.^,, ^-/"^!7f"\ (3.54) 
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where 6 is the scattering angle between k and k'. Substituting Eq. (p. 41 ) into 
Eq. ( |3.54| ), we obtain 

1 



1_ [us Id) 
fp 2{kFdy ' 



Jo = d 



dzp (z). 



(3.55) 



It is easy to check that this expression for the momentum relaxation time is 



in agreement with that of obtained in ||162|| without allowance for the phonon 
reflection. Thus in the range C, the interface effect on the energy and momentum 
relaxation rates is practically absent. 

Making use the scattering probability ( |3.46D , we find the following result for 
the energy relaxation rate in the range B: 

T' 



Bp 



1 



2{hskpf 



where 



dyy"" cos^y- 



+ 



1 + exp{y — x) 1 + exp{y + x) 



(3.56) 



T 



'h{s/z)' 

(3.57) 



For hot electrons taking the limit T in Eq. 



1 



Tie 



1 

rp 



[e - Spy 
Q{hskpf 



1(1], A) + 7^l 



, we can obtain 

sin T] 1 
V J 



where 



J(r/,A) = l-3 



A 



1 + A 



1 



sm?7 
V 



+ — cos 77 



(3.58) 



(3.59) 



Here 1] = 2{e — ep)z/ {hs) is a parameter describing the distance of a hot electron 
from the surface. It can be seen that the energy relaxation rate for the test 
electron is an oscillatory function of the separation z of the electron gas from the 
surface. When the 2DEG is far from the surface, i.e z d {rj 1), v/e obtain 



1 {e-epf 



(3.60) 



T{e) Tp 6{hskpy 

The condition ^ ~ ci is satisfied for a 2DEG near the surface and the inequality 
ri<l holds, which yields 

1 



1 

fp 



7^l 



+ 



[e - ep 



A {e — ep) 
1 + A 3{hskp)^ ' 5{hskp)^{hs/z)^ 



(3.61) 
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From this equation for the free surface (A = and TZi = {2c/ sY) , it is easy to 
find 

f{e) fF\\sJ 5{nskFy{hs/zyj ^' ' 

Both terms become comparable for e—ep^ \/^i^2- The first term is dominant for 
small e — ep^ i.e., mixing of LA and TA vibrations is important whereas, for large 
e — Ep, the second term predominates, i.e., we have the effect corresponding to 
large distances of electrons from the surface. It can be seen from Eqs. ( p.60| ) and 
( |3.62D that a free surface modifies the energy dependence of the energy relaxation 
rate and leads to the strong suppression of the relaxation since 

-—- 2 ^ 7 ^ ^ 1- (3.63) 

There is no suppression of the relaxation at the boundaries of the range B: for 
6 — 6p ~ El because of the strong mixing of LA and TA vibrations and for 
e — sp ~ £2 because the distance from the surface becomes of the order of the 
effective phonon wavelength vr/g^. 

From comparison of Eqs. (|3.61|) and (p.62|) , we obtain the criterion 

A < - (3.64) 

which allows us to determine when the interface near which the Fermi 2DEG is 
located, can be regarded as free. Actually, if inequality ( p.64|) is obeyed, we can 
ignore the second term in parentheses in Eq. ( |3.61| ). Then, Eq. ( p.61| ) reduces to 
Eq. ( |3.62| ) for the free surface. In the case if 

— ~ A < 1 (3.65) 

the boundary can no longer be regarded as free, but we can easily see that the 
reduction in the relaxation rate still occurs. If the condition (|3.65|) is satisfied, 
comparison of Eqs. ( |3.60D and ( p.61[ ) yields 

r{e)\-z-.oo {e - Spf el 

2 + A + 7 < 1- (3-66) 

Now it is seen, if A>1, the suppression of the relaxation vanishes because of the 
strong response of the second medium. In this case we ought to retain only the 
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second term in Eq. ( p.61 ). Then the energy relaxation rate differs only by the 



factor 2A(1 + A) from that of when the phonon reflection is not taken into account. 
It therefore follows that for the rigid boundary, the relaxation of a test electron 
is twice as fast as in the case when phonons are three dimensional. 

For thermal electrons (x ~ 1), is the parameter describing the separation 
between the interfaces and 2DEG. For remote boundary, ,^ ^ 1, integrals con- 
taining a rapidly oscillating factor cos^y are small , and according to [|162| we 
obtain 

^ ^2-(0|x). (3.67) 



f{e) fp 2{hskFY 
Consider now a nearby boundary when the condition ^ -C 1 is satisfied. Expand- 
ing cos^y, we obtain 

(3.68) 

We have used the result JFq"(0|x) = x. It can be seen that the criteria ( |3.64| ) 
holds for thermal electrons too. For T in the range B, provided for Eq. ( |3.65| ) 
holds, the relaxation is suppressed even for thermal electrons. For x ~ 1, we 
obtain jF~(0|a;) ~ 1 and the ratio of the results defined by Eqs. ( |3.67| ) and ( |3.68| ) 
is again determined by Eq. ( p.66| ) where e — ep should be replace by T. 



In the case when A>1, making use Eq. ( |3.67| ), we can write 

1 _ 2A 1 

fie) 1 + A f(£:)U^oo' 



(3.69) 



It should be noticed that both in the ranges C and B, the electron relaxation 
is mainly due to the bulk acoustic waves. In these energy ranges e — Sp ^ Si and 
the scattering due to surface phonons is always quasi-elastic: 

gy ~ /cf; uj = csq ^ £i <^ £ — ep (3.70) 

therefore their contribution to f{e) is small. 

The scattering on the bulk waves is neither quasi-elastic nor small-angle, there- 
fore the momentum relaxation time f i {e) is of the same order of the energy relax- 
ation time f{e) given by Eq. (|3.56|) . To estimate the role of the surface phonons in 



the momentum relaxation, we calculate ri{e) conditioned by the Rayleigh waves 
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in the free surface case and by the Stoneley waves for the sohd-hquid contact. 
Substituting Eqs. and into Eqs. ( PTTD , and (^), we obtain 

at T = 



1 _ Stt 1 



cr,s 



(3.71) 



where the dimensionless factors $o ' of ^^e order of unity and determined by 
parameters of the contacted elastic media {vide infra in Appendix (0)). In- 
dices R, S pertain to the Rayleigh and Stoneley waves, respectively. From 
Eqs. ( p.61|) and ( p.71D , one can see that the surface phonon contribution to 
momentum relaxation is of the order of the bulk phonon contribution in the 
energy interval €i <ti e — Sp ^ \"^^'^£i of the range B while in the energy in- 
terval A~^/^ei <^ e — Ep ^ S2, the surface phonon contribution to fi{e) is small. 
Thus, in the energy range B if the relations ( |3.64 ) and ( 3.65 ) hold, the interface 
suppresses both the energy and momentum relaxation rates. 

Now we consider the range A. Substituting Eq. ( p.48| ) into Eq. ( p.50| ), the 
energy relaxation rate can be represented in the form 



rp4 



Tie 



Tp Tx{hskp) 



dtdy 



1 + exp{y — x) 1 + exp{y + x) 



where 



^{t\iy) = K{uj, q\z,z), y= t = —. 

1 to 



(3.72) 
(3.73) 



For the remote interface neglecting in the above formula rapidly oscillating and 
exponentially small terms at ,^ ^ 1, we obtain in agreement with ||162| 

1 



T^iO\x) 



f{E) tf A{hskFY 
For the adjacent interface, tending ^ — in Eq. ( ^.72| ), we find 

1 



where 



E — Ef 
f{E) Tf A{hskFY 

2'2+m i-oo 



$0-^3'(0k). 



TC 



dtr"'^t\o). 



(3.74) 



(3.75) 



(3.76) 



For hot electrons using an asymptotics of the function jFg (0|x) for large x, we 
obtain 

1 1 1 E — Ef 



1 



$0 



r(E 



r{E 



Tf 16{hskF 



|3' 



(3.77) 
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As far as |£ — -C ep, the scattering in the Fermi gas always is kinemat- 
ically quasi-elastic, k = k' = kp, therefore in the region A too, the momentum 
relaxation rate can be calculated by the formula ( p.54|) . Using the scattering 
probability ( |3.48|) , for the momentum relaxation time we obtain: 

for the remote interface ^ 1) 

1 1 1 



Ti{e) 16 Tp {hskpY 
for the adjacent interface (.^ <^ 1) 



J^4(0k), (3.78) 



^ $1 . (3.79) 



Ti{e) Ti{e) 

From comparison of the above two formulas, it is clear that in the region A, 
the relaxation rates, obtained allowing and ignoring the phonon reflection from 
interfaces, differ only in respect of the factor which is of the order of unity. 
This result is due to the strong mixing of LA and TA waves at the reflection in 
this range. 

The integrals cannot be calculated analytically. Explicit formulas for 
functions $m in the case of the solid-liquid contact, the free and rigid bound- 
ary, as well as some numerical estimates for particular values of parameters and 
asymptotic expressions are given in Appendix Notice only that in the case of 
the solid-liquid contact we find that is governed by both the bulk and surface 
wave contributions to the scattering: 

$^ = + <l^^ + + <l>^ (3.80) 

where and correspond to the bulk phonon, leaky and Stoneley wave 

contributions, respectively. Moreover, the range A is the only region where the 
surface wave contribution is comparable with that of the bulk modes. In the case 
of a rigid boundary we find, naturally, that $m includes only the bulk phonon 
contributions. 



3.6 Relaxation of electron temperature 

When the distribution of hot electrons can be described by an electron tempera- 
ture Te > T, we can determine the energy relaxation rate for the whole electron 
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gas. Following [136|, we find that the relaxation rate per electron is given by 

(-) >l 

- ^ ;icuW^„k^„.k4i-/T,(£ + M] (3.81) 

k' J 

Straightforward calculations show that Q{Te,T) can be written as the difference 
between two functions depending only on T^ and T ||165|| , i.e., 

Qin,T) = Q{T,) - Q{T) (3.82) 

Moreover for Q in the corresponding regions, the following expressions are ob- 
tained. 

In the region C 

,3.s3) 

In the region B 
where 

^„(0 = ^r(m) [C(l, l + + C(i, 1 - ^0] (3.85) 

and C{m, z) is the generalized Riemann zeta function. Now it is easy to obtain 
the relaxation rate for the distant interface (^ ^ 1): 

vr^ 1 

Q(T)|,^oo = - - , , (3.86) 

30 Tp [hskF) £f 

while for adjacent interface, ^ <^ 1, we obtain 

1 [tt^ T2 TT^ A 8n' T' ] 

Q T = — — 7^l— + 777— TTFir^ + -TTT .. , .2ff. 1-^2 ■ 3.87 



Follow to the above method, we can easily show that the criterias ( |3.64| ) and ( |3.65| ) 



hold for electron temperature relaxation too. The fulfillment of them implies that 
the interface separating elastic semi-spaces suppresses the electron temperature 
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relaxation in the range B. If A>1 then the interface changes the relaxation rate 
only by a numerical factor: 

2A 



Q{T) 



l + A 



{3.1 



Finally, in the region A, the cooling of the Fermi 2D EG for small ^ is given 



Q(T) = $o Q(T)| = 



(3.89) 



where 



Q{T)U^^ = - r(5)C(5) f 



(3.90) 



is the electron temperature relaxation rate without allowance for the phonon 



reflection in agreement with the previous result |162 . 



3.7 Discussion of results 

From the results of calculations in this chapter, it becomes clear that the interface 
between elastic semi-spaces in different ways influences the electron scattering in 
the various characteristic energy ranges of the Fermi 2DEG. In the ranges of the 
inelastic small-angle A {e — ep hskp = ei) and of the elastic large-angle C 
{e — Ep 7ihs/d = 62), the interface effect is slight. In the region A, it reduces 
simply to multiplication of the energy and momentum relaxation times by the 
coefficient $, whereas in the region C there is no changes at all. In the range A, 
the weak interface effect is conditioned by the strong conversion effect of the LA 
and TA phonon modes at the interface reflection. In the range C, the interface 
is always distant, i.e., the effective wavelength of the interacting phonons, Tr/q±, 
is much small than the distance between the 2DEG and interface. However, we 
can demonstrate that the reflection of phonons affects in higher orders of the 
small parameter that occurs in the region C. The range A is the only region 
where the surface phonon contribution to the scattering is essential both for the 
energy and momentum relaxation. The temperature dependencies obtained for 
the energy and momentum relaxation have been observed experimentally both 



in the low temperature range A ||146| , |164| , |166|| and the high temperature range 



C ||145|, |14(j|, |144|. Recall that in both ranges, the temperature dependencies of 
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the relaxation times do not differ from tliat of for the bulk three dimensional 
phonons. 

The large-angle inelastic scattering region B {ei <C e—eFe2) limited from both 
sides. Therefore, the existence of the energy range B is ensured by the condition 
7i/{kpd), i.e. by sufficiently low electron concentrations, ~ 10^^ m~^, and if the 
localization of the transverse motion of an electrons in the 2DEG is sufficiently 
strong, d ^ 3 nm. We then find for GaAs nanostructures (see Table |2.4| ) that 
kp = 8 ■ 10'' m~^, £1 = 3 K and £2 = 40 K. It now follows that the criteria 



( |3.65|) is satisfied if A <^ 0.1, i.e. in the situations when the elastic semi-space 
is in contact with a small mass density medium, such as gas. In this case the 
maximum interface effect is achieved in the middle of the energy interval {ei, 82), 



i.e. for e — Ep, Te ^ 10 K. Therefore, according to Eq. p.63|), the presence of 



a free surface increases f and fi in 62/61 times, i.e. by a factor of the order of 
10. Moreover, for the temperature range below 10 K (in this range, the surface 
waves also contribute to the momentum relaxation) we have f, fi oc while for 
the temperature range above 10 K, f, fi oc T^, i.e. the free surface also alters 
the dependence of relaxation rates on the electron energy or temperature. Recall 
that if do not take into account the phonon refiection then f, fi oc T^. Estimates 
of the parameter A indicate that in the majority of cases for a solid-liquid contact 
A ~ 61/82, therefore according to ( |3.66| ), the solid-liquid interface also strongly 
suppresses the electron relaxation rate: ei/e2 times if X^ei/62 and A~^ times 
if X> 61/62- In the latter case, the temperature dependence of the relaxation 
rate is altered in comparison with free surface case. In the middle of the interval 
{61,62), the new mini interval (A~^/^ei, X^^'^62) appears where f, fi oc T^. As the 
parameter A increases the interval (A~^/^ei, A^/^e2) becomes broader and for A>1 
covers all the range B. In this case r, fi only by the factor 2A/ (1 + A) differ from 
the relaxation times when the phonons are three dimensional. The dependence 
of the energy-loss power Q on the electron temperature in the all temperature 



range is shown schematically in Fig. 3.3 



Notice that the characteristic distance which is required for an interface to 
have an effect on the electron relaxation is hs/Tf.. In the middle of the range B this 



for GaAs gives hs/Te ~ 10 nm. In | 164 |, the dependence of the energy relaxation 
on the electron temperature in inversion layers Si (100) has been measured. It 
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Figure 3.3: The energy-loss power Q of the Fermi 2DEG located near the free 
crystal surface. The dashed line corresponds to the case of the infinitely distant, 
{z —>■ oo), boundary. 

has been shown that the Q oc T^ temperature dependence is realized in the range 
Te^hskp. This dependence is explained by the fact that in the samples under the 
study, the interfaces separating different elastic materials are remote, z ~ 100 nm, 
so that their effect on the scattering is negligible. In the temperature dependence 
of the average momentum relaxation time fi deducted from the total mobility 
measurements [ p.46|| , between low and high temperature ranges where fi oc T^~^ 
and fi oc Tg, respectively, a sharp dip has been observed in the temperature range 
near 10 K. The authors suppose that this dip can be caused by other vibration 
modes of the surface layer which has been not described in the theory of surfons 



147| , |167|| . However, it is possible that this dip is connected by the interface 
effect on the electron scattering which leads to the analogous behavior of the 
temperature dependence in this temperature range [quod vide in Fig. |3.3| ). 
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Now we discuss the results of works ||147| |T48|, [T4|, |15q| . In ||147|| and [|T48 
the electron scattering in Si inversion layers has been calculated in the high, 
Te = 200 -T- 300 K, and low, Tg = 1 ^ 30 K, temperature ranges, respectively. 
In both works, the scattering probability has been expressed in terms of the 
phonon field correlation function. Assuming that the scattering is quasi-elastic, 
the authors consider that the static correlator can be used, i.e. the Fourrier 
component uj = can be taken. However, this is not the case. From the explicit 
expressions ( p.25| )-( ^^ ) it is seen that to take u = in the correlator is justified 
if only UJ is small in comparison with sgy. Meanwhile, it follows from Eqs. ( p.33| )- 
( |3.35| ) that such situation is never realized: in the range A, we have u ~ sgy while 
in the ranges B and C, ^ sgy. Therefore, we suppose that the results of these 
works are not correct. 



Although no assumption of elastic scattering has been made in the work [|150|| , 
its results in the range B do not agree with our results. However, the authors 
have also obtained that refiection of bulk phonon modes from the interface is 
important in the range B and leads to a reduction of relaxation while in the 
range A, the surface phonon contribution to relaxation is important. 

In the work [|149|| , in particular, the conversion process LA TA has been 
assumed to take place at the sample surface. The dependence Q oc (T^ — T^) has 
been obtained which corresponds to the second term in Eq. ( |3.87| ). (It appears 
that the approximation adopted in this reference corresponds to ^ = 0.) However, 
it follows from Eq. 12 of [|149|| that Q does not vanish in the limit c — > when 
the process LA —>■ TA is not allowed. (It is conceivable that this is a misprint 
since the dimensions on the right-hand side of Eq. 12 after substitution of Eq. 13 
are incorrect.) 



Chapter 4 

Phonon emission by Landau 
states 



4.1 Introduction 

Interaction of a 2DEG with acoustic phonons in a magnetic field normal to the 
electron plane is essential in a number of physical phenomena. One may mention 
as examples the breakdown of the quantum Hall effect due to phonon-assisted 
transitions and the steady-state power absorption for a GaAs heterojunction (see 
Refs. ip.6^ , p.69|| , and also the review paper ||17CI|| ), the thermalization of the heated 
2DEG ||1 71| , |172| , |173|| , as well as the absorption and emission of ballistic phonon 



pulses by the bulk Landau states (see the reviews [|174| , |175|| ). 



The 2DEG is always located near a free crystal surface or near a various inter- 
faces separating different materials. In previous section it has been shown that 
these boundaries affect electron-acoustic-phonon interaction, and a free surface 
has the highest effect. Interaction of the 2DEG with acoustic phonons in the 
magnetic field has been calculated in a number of papers [ITT, |173| , 17^ ]. How- 



ever in all these papers it has been assumed that crystal boundaries have no effect 
on interaction. One may easily appreciate the free surface effect if an electron 
is considered as an acoustic wave emitter. Schematically phonon emission from 
the 2DEG with account of the phonon reflection is shown in Fig. [4.1|. Due to the 



reflection there appear two new effects in phonon emission. The LA waves emit- 
ted into the crystal bulk interfere with the LA waves reflected from the crystal 
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Figure 4.1: Schematic representation of phonon emission from the 2DEG with 
account of the phonon reflection. and are the amphtudes of LA phonons 
emitted, respectively, directly into the bulk of crystal and to the crystal surface 
side then reflected from it. Alt is the amplitude of TA phonons converted from 
the emitted LA phonons at the reflection from the crystal surface. 

surface. As a result the emission efficiency depends on the distance between the 
2DEG and the surface. The phonon reflection also affects essentially the compo- 
sition of the emitted phonon field. Detector records the TA phonons converted 
from the emitted LA phonons at interfaces separating different materials. Thus, 
for full interpretation of experimental results, the conversion of various phonon 
modes and interference between refiected and non-refiected phonons of the same 
mode should be taken into account. 

The 2D EG emits acoustic phonons with wave- vectors predominantly within a 
narrow cone near the normal to the plane of electrons. At B — the frequencies of 
these phonons are u; ~ Te/h where Tg is the electron temperature. The frequencies 
are spread in a broad band, the frequency dispersion being of the order of the 
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frequency itself, i.e. Au ~ ~ T^/h. Such a wave packet with momentum 
dispersion Aq ~ T^/hs. (where s is the sound velocity) attenuates at a distance 
o the order of hs/T^. If the distance z between the 2DEG and the surface is 
large [z ^ hs/Te), the emitted phonon field will not reach the surface and the 
latter has no effect on electron-phonon interaction. However, the situation is 
drastically changed if the electrons are in a strong magnetic field B normal to 
the 2DEG plane. In this case the frequencies of the emitted phonons are close 
to the cyclotron frequency {u ^ ujb) while the width of the frequency band is of 
the order of the cyclotron resonance line width, i.e. Au ~ 1/r where r is the 
momentum relaxation time [^. This corresponds to the phonon wave packet 
attenuation length equal to sr. In high-quality heterostructures even at liquid 
helium temperatures, the length st is larger than hs/Tg. Therefore, in quantizing 
magnetic fields electron-phonon interaction can be modified by a free surface far 
more distant from the 2DEG. 

Study of emission and absorption processes for ballistic phonons in systems 
with the 2DEG gives the most detailed information about the character and 
specific features of electron-phonon interaction. In this case one may easily trace 
contributions of separate phonon modes to the interaction characteristics. An 
experiment of ballistic phonon emission is schematically shown in Fig. |4.2| . The 
2DEG is heated by passing a current along it. Then emitted phonons travel 
ballistically from the 2DEG until they reach the opposite face of the sample. 
Usually it is measured: the intensity distribution on the reverse face of the sample, 
i.e. the angular distribution (travel is ballistic), and a relative proportion of 
LA and TA phonons using time-of-fiight techniques. However, previous works 
I77| , |178| , |179| , |180|| , analyzing these effects, both in the presence and absence 



of the quantizing magnetic field, did not take into account the ballistic phonon 
refiection from the interfaces near which the 2DEG is placed. The exception is 
[ p,78|| in which it has been shown that the absorption of ballistic thermal phonons 
by the 2DEG has the correct order of magnitude in the absence of the magnetic 
field only when the refiection of these phonons from the interfaces is taken into 
account. The results obtained in the previous chapter also indicate directly the 
importance of the interface effect. The energy and momentum relaxation of the 
2DEG have been calculated ^ Q and it has been shown that there are 
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Figure 4.2: Schematic view of the balhstic acoustic phonon emission. 

situations when interfaces strongly suppress the relaxation rates. Recently the 
acoustic phonon emission from the heated 2DEG in Si-metal-oxide nanostructure 
has been studied theoretically by taking into account of the phonon reflection from 
Si-Si02 interface and it has been shown that the interface plays an important role 
in the observed phonon intensity. Below it will be shown that the interface effect 
is highest in the case when the 2DEG is exposed to the quantizing magnetic 
field. This is conditioned by the fact that in this case, the interface interacts 
with almost monochromatic phonons. 

The previous experimental results (see review ||174| , |175|| ) show that the an- 
gular distribution of phonon emission has a distinctly expressed peak at small 
angles and the signal detected on the reverse face of the sample consists of both 
longitudinal acoustic (LA) and transverse acoustic (TA) phonons. Giving their 
interpretation of these experimental data for the GaAs/AlGaAs heterostructure, 
the authors suggest that the presence of TA phonons in the detected signal is 
only due to a piezoelectric electron-phonon interaction. They proceed from the 
assumption that in a parabolic energy band, emission of TA phonons is forbidden 
in the case of deformation electron-phonon interaction. However, this is not the 
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case. As it can be seen later, the reflection of phonons emitted by the 2DEG 
only due to the deformation coupling results in the presence of both LA and 
TA phonons in the detected signal. The position and height of the peak in the 
angular distribution of phonon emission are also significantly different from those 
obtained in the case when the phonon reflection from interfaces is not taken into 
account. 

In recent years there has been much success in using of electron-optical phonon 
interaction to probe the various electronic properties of the 2DEG (see ||112|| and 
references cited therein). The electron-longitudinal optical (LO) phonon scatter- 
ing rates of the 2DEG in the magnetic field free case have been calculated both for 
usual bulk LO phonons 1TST|, [TSg, g |TH|, |TH§, ^ as well as for bulk- 

like confined LO and surface optical (SO) modes ||m|, |TH§, |TSP|, [Tn|, [110 



191] . If the magnetic field is applied normal to the electron layer, the electron 



motion is fully quantized. In this quantum Hall effect (QHE) geometry, there 
have been considerable experimental and theoretical interests in the various LO 
phonon assisted effects of 2D-(resonant)-megneto-polarons, cyclotron resonances 
[H, |19|, |5], H, H, H, |19|, [19|, [19|, |18^, 2D-electron-phonon bound states [||], 
cyclotron-phonon resonances |^0| , magneto-phonon ||196| , |197| , |198| , |199| , |200|| and 
energy loss flTl], ^ ^ effects. 



In various recent experiments of light radiation ||203| , |204| , |205|| or Auger 
35[] processes in the QHE geometry, phonon emission remains the basic mecha- 



nism which ensures the relaxation of electrons firstly created in higher Landau 
states. However, in such effectively zero dimensional (OD) systems with rather 
thin electron layers and subjected to rather strong magnetic fields, a large sep- 
aration between Landau levels cannot be covered by an acoustical LA phonon 



45|] so that the multiphonon 2LA phonon emission processes become more ef- 



ficient Meanwhile an optical phonon emission requires a precise resonance 
AIljb = ojlo^ = 1, 2, 3, ■ ■ ■ in this regime {ojb and ojlo are the cyclotron and 
the LO phonon frequencies). As far as it moves off from the resonance, the effi- 
ciency of this process is steeply falls so that out of resonance, LO phonon emission 
becomes possible in accompaniment of LA phonon emission via the two-phonon 



emission mechanism. Possibly for this reason, except for the work 1 1 73 1 , calcu- 
lations of the electron-optical phonon relaxation rates have been restricted thus 
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far to the zero magnetic field case where LO phonon emission is the dominant 
relaxation mechanism with subpicosecond emission time. In Ref. | |173 | the di- 
rect calculation of the electron-phonon scattering rates have been carried out for 
a quantum well structure with infinitely high confining wells. It has been ob- 
tained, however, that in the case of polar optical (PO) phonon scattering, the 
relaxation rate diverges. This divergence has been physically attributed to the 
complete quantization of the electron spectrum although it does not make clear 
why the relaxation rate diverges only for polar interaction. We suppose that this 
divergence can be caused by use of the momentum-conservation-approximation 
p.43| , |185|| in the extreme quantum limit. Whereas this approximation fails in 
this limit ||143| , |185| |. It can be seen later that calculations without using of the 
momentum-conservation-approximation allow us to avoid this divergence. 

Recently, to estimate the intensity of infrared cyclotron radiation from the 
2DEG in a double barrier quantum well structure, the LA, 2LA phonon, pho- 
ton emission and Auger processes happening in the QHE geometry have been 
analyzed p06 . Although, the LO+LA phonon emission processes have not been 
considered, one may expect that in some experimental situations, electron re- 
laxation from a higher Landau level directly into the lowest one can turn out 
crucial either due to LO phonon emission or, if it is far from the resonance, due 
to LO+LA phonon emission. 

The LO phonon assisted electron relaxation in quantum dots has been studied 

in 



32| , |36| . The multiphonon relaxation rate calculation in a GaAs quantum dot 
[p^ has indicated the significance of LO+LA processes in such OD systems which 
create a window of rapid subnanosecond relaxation. 

Up to now, however, the study of the LO phonon assisted multiphonon pro- 
cesses in effectively OD systems of the QHE geometry is missing from the litera- 
ture. 

The aim of the present chapter is to study theoretically the deformation acous- 
tic DA phonon and the polar optical PO phonon interaction with the 2DEG in 
the QHE geometry. The calculations incorporate one DA or PO phonon and two 
DA+PO phonon emission processes for electron relaxation between bulk Lan- 



dau states. In Sec. 4.2 the transition probability between two Landau levels 



CHAPTER 4. PHONON EMISSION BY LANDAU STATES 



95 



with acoustic phonon emission via a deformation potential is calculated tak- 
ing into account phonon reflection from the free crystal surface near which the 
2DEG is located [^]. This probability is shown to be an oscillating function 
of the magnetic field B and of the distance z from the 2DEG to the free sur- 
face. The oscillation period is given by the condition that z is a multiple of the 
half-wavelength of the emitted phonons A/2 = tts/ujb- In Sec. [4.3| the emission 
spectrum of ballistic acoustic phonons in quantizing magnetic fields normal to 
the plane of the 2DEG is calculated when the reflection of these phonons from 



a GaAs/AlGaAs type interface is taken into account Phonon emission only 
due to the deformation electron-phonon interaction is considered. It is shown that 
the interface affects essentially the intensity and the composition of the emitted 
phonon field. The emission spectrum of surface acoustic phonons is calculated 
in Sec. [4.3.2| [Q. Strong exponential suppression of emission of surface acous- 
tic phonons occurs in a wide range of the magnetic field variation, ujb ^ 2mc\ 
{rric is the electron mass and is the surface wave velocity). Therefore, cooling 
of the heated 2DEG is only at the expense of bulk longitudinal and transverse 
acoustic phonons. In Sec. ^.4\ the longitudinal optical phonon assisted electron 



relaxation is investigated in the 2DEG in the quantum Hall effect geometry [48 



The phonon emission rates versus inter-Landau-level separations are calculated. 
Electron interaction with bulk PO and interface SO phonons are considered. In 
quantizing magnetic fields, emission of LA phonons via piezoelectric interaction 
is suppressed in comparison with deformation interaction Therefore, the 

calculations of LO+LA phonon emission are carried out for the deformation po- 
tential of DA phonons and for the Frolich coupling of PO phonons. To obtain a 
finite relaxation rate associated with one-phonon emission, the allowance for the 
Landau level broadening or for the LO phonon dispersion is made. Below the 



LO phonon energy, huio, within an energy range of the order of U^ujb/'t, the 
one-phonon relaxation rate exceeds 1 ps~^, r is the relaxation time deduced from 
the mobility. In GaAs/AlGaAs heterostructure with the mobility /i = 25 
s~^ m^, this range makes up 0.7 meV. The two-phonon emission has a significant 
contribution to relaxation above Ttuoio- At energy separations of the order of 
sa^^ {ttB is the magnetic length), LO+LA phonon emission provides a mecha- 
nism of subpicosecond relaxation while in a wide energy range of the order of 
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huB, subnanosecond relaxation can be achieved. 

Particular attention is given to the comparison of electron relaxation going on 
in two different ways: first, relaxation in two consecutive emission acts (emission 
of a PO phonon with subsequent emission of a LA or 2LA phonons) and, second, 
PO+DA phonon relaxation via the multiphonon emission mechanism between 
the same Landau levels. Particularly, emission processes in magnetic fields up to 
10 T are considered. On the one hand in such fields, the resonance AIujb = ujpo 
can be achieved for small values of A/ = 1,2,3. On the other hand, acoustical 
phonon emission at electron transitions between such distant Landau levels is still 
a rather efficient effect PSI, H^, |1 76|| observable in experiment ||203|, |204|, |205|, p5 



Numerical results are illustrated for PO phonon assisted relaxation between 



Landau levels / = 3 and I = 0. The last section contains concluding remarks. 

4.2 Electron transition probability between Lan- 
dau levels: Free surface effect on electron- 
acoustic phonon interaction 

In what follows we evaluate the probability of electron transitions between two 
Landau levels due to electron-acoustic-phonon interaction via the deformation 
potential. Implying the 2DEG in a GaAs/AlGaAs heterostructure, the electron 
effective mass is considered to be isotropic. In this case, according to [^, the 
transition probability from the state \&i(r) with energy Ei to the state ^I/i(r) with 
energy Ei with lattice temperature T = is given by 

W^^f = ^E/^'n/rfV2Vl/*(ri)^/(r2)vl/.(ri)vl/*(r2) 

X exp[iq^- {Ki-K2)]K{u,(i^\zi,Z2). (4.1) 

Here we have used following notations: S is the deformation potential constant, 
is the normalization area in the (x, ?/)-plane occupied by the 2DEG, and 
R are vectors in the [x, ?/)-plane. The kernel K is given in terms of the force- 
displacement Green function, calculated for elastic media, composed from GaAs 
and AlGaAs layers (and a metallic layer, if present). The frequency u entering 
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this Green function satisfies hoo = Sf — Si. When the temperature T 7^ 0, the 
probabihties of the downward transitions Sj < Si are obtained from expression 
([4.1|) by multiplying the latter by a Bose factor N^^ + 1 and a Fermi factor fi{l — 
ff) while for the upward transitions Sj > £i the probabilities are calculated 
from the detailed balance principle. The elastic properties of the crystals GaAs 
and AlGaAs differ very little. Therefore, in the absence of a metallic gate the 
Green function of interest is the half-space Green function. In the isotropic 
approximation the latter has been calculated in Ref . [p.52|l , and the corresponding 



kernel K was calculated in Ref. A metallic gate changes the kernel K: 

however, in a rough approximation this fact can be ignored (since the reflection 
factor for longitudinal acoustic wave energy at the Ni/GaAs interface is less than 
10%). The electron wave functions \E' in ( |4.1| ) are of the following form: 

^nikM=XikM)Mz) (4.2) 

where x is the Landau wave function {I is the Landau level number, is the 
x-component of the electron momentum), and ip is the spatial quantization wave 
function {n is the subband quantum number). Inserting the wave functions (|4.2| ) 
into ( [4.1|) and performing the integration over R, we obtain 

X J dzi J dz2i'fiziyipf{z2)i^i{zi)ipi{z2)*K{uj,q±\zi,Z2).{4:.3) 

where the modulus squared of the form factor Qw is given by Eq. ( p.l2| ) [ p07|| . 
The form factor Qui does not depend on momenta k and k' apart but depends 
only on qj_ which is bound up with the axial symmetry of the magnetic field. 
We shall consider only transitions between Landau levels corresponding to the 
ground state of spatial quantization omitting the subband index n. Summation 
over the final values k'^ and averaging over the initial values k^ gives 

Wi^l' = AvJ2 Wnlk^^n'l'k', 
^ k' 

= dq±q±Ql,{q±) J dzi J dz2\^{zi)\'^\ij{z2)\^K{uj,q±\zi,Z2lAA) 

Here we have made use of the fact that in the case of the isotropic approximation 
the kernel K is independent of the direction of the vector q^. It follows from 
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(|2.12|) that the integration in (|4.4|) is hmited by values q±^a]^ . On the other 
hand, u = Ub, 2u!b, 3ujb, ■ ■ ■■ Therefore for the most important transitions with 
u ~ ujb we have {sq±/ujy ^ms"^ /hujB- Since in GaAs ms^ = 0.11 K, we may 
conclude that in the quantizing magnetic fields always the sq±/uj <^ 1 inequality 
takes place. Thus, we can expand the kernel K in q± and use the simplified 
expression 



K{uj,q±\zi,Z2) 



UJ 



{cos [a{zi — Z2)] — cos [0(2:1 + ^2)]} , CL 



-gi.(4.5) 



Recall that here p is the crystal mass density, s is the longitudinal sound velocity. 
The value z = refers to the free surface position. The quantity a, which 
represents the component of the phonon wave vector normal to the surface, is not 
expanded in q±, since zi and Z2 can be large if the 2DEG is far from the surface. 
Now let us choose a certain point z inside the 2DEG (e.g. the "center of gravity" 
of the distribution |'?/'(z)p or the GaAs/AlGaAs interface) and substitute: z = 
z + ( into the integral ( |4.4| ) and the kernel (|4.5| ). Then carrying the intergration 
over ^1 and ^2, "we obtain 



Re / dqj_qj_Ql,{qj 




2TThps^ 

The form factor J(a) is given by 



/(a)p — exp{2iaz)I{a) 



I{a) = J d(^\4'iz)\'^ exp^iaQ = |/(a)| exp{i(y9(a)}. 



(4.6) 



(4.7) 



Since in the latter integral the integration range is limited due to the localization 
of the distribution |'?/'(2;)p, we can put q± = 0, i.e. take a = u/s. However, this 
approximation can be invalid in the exponential factor exp{2iaz), since z can be 
large. But still, for values z not too large we may use the expansion 

IsV 



s 



2 00^ 



(4.8) 



Inserting this expansion in the exponential factor, we obtain 



"UJ 



rReU 



exp 



2TTa^B^ps^ 

dtQl,{t)exp{-t^t) 



(2uj _ 



UJ 

— z + ^ I - 



V s 



(4.9) 
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Here 2-^1 is the Gauss hypergeometric function. The integrals Fu' —* when 
z so that the probabihty W has a definite hmit corresponding to the infinitely 
distant free surface, as one should expect. We list explicit formulae for F for the 
most important transitions, 

FioiO = (1 + ^0"', F^oiO = (1 + ^0"', (4.12) 



(^0 



2 



^2i(0 = 2 / 2Fi(-l, -1, 2; -r'). (4.13) 
(1 + 

It follows from the integrals ( |4.11| ) that one can neglect the free surface effects 
when z ^ Ai. For GaAs Ai = 170 nm while typical values of z are in the interval 
50 to 150 nm. The expansion ( [4. 81) can be used in exp(2m^) if the quantity 



_u ( sq± \ ^ 



-'7 [17) " ^1 ("^) 

is small. This condition is usually satisfied in the quantizing fields. Equally 
with the momentum spread, there exists another reason why the effect of the 
free surface becomes weaker with distance, namely, the spread of the frequen- 
cies of the emitted phonons due to the Landau level broadening. To take this 
broadening into account, we average the transition probability ( [4.11| ) over u using 
a Lorentzian distribution with its center at the transition frequency AIub and 
width 1/r. Only the fast oscillating factor containing z should be averaged, and 
as a result this factor is substituted as follows 

A2cu\ / z 2uj_\ 

exp U — z j exp ( + ^ — ^ j 5 (4.15) 

1 hs 

A2 = (4.16) 

where F is the Landau level width. Before comparing the two attenuation lengths 
Ai and A2, we discuss what sort of Landau level width is to be used in averaging. 
In high-quality heterostructures the Landau level width being determined from 
the de Haas- van Alphen effect, is a factor of about 10 larger than the width F = 
h/r, with T determined from mobility or from cyclotron resonance PUSf. This is 
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because the scattering potential has a smooth component with a large amplitude. 
The smooth potential produces an inhomogeneous broadening of the Landau 
levels seen in the de Haas- van Alphen effect. However, the smooth potential gives 
no contribution to scattering, since its correlation length exceeds the electron 



Fermi wavelength [p09|| . Neither does the smooth component contribute to the 
cyclotron resonance linewidth, since the absorption occurs without change of k^., 
i.e. with a fixed position of the center of the Landau oscillator. 



It follows from ( [4.3|) that phonon emission is accompanied by a change of kx, 
the change being of the order of a^^. In other words, when a phonon is emitted, 
the center of the Landau oscillator is shifted by a distance of the order of a^. Since 
in quantizing magnetic fields <^ A, no contribution is made by the smooth 
potential component to the frequency spread of the emitted phonons. Therefore 
the r = h/r in ( [4.16|) should be deduced from the momentum relaxation time. 

Even in high-quality heterojunctions with mobility fi = 100 m^ V^^ s^^ the 
length A2 = 100 nm is comparable with the distance z. Therefore the Landau 
level broadening is essential. 



With the model wave function ||125 

l^(C)P = ^C'exp(-C/ci), 
where C = corresponds to the interface position, one obtains 



tany? 



(3r/-l)2'^ 



[s/dy 



(4.17) 



(4.18) 



For a GaAs/AlGaAs heterojunction the typical value is ci = 3 nm (see Ref. ||210|| ), 
and ujb = s/d when B = 0.66 T. With the wave function ( [4.17| ), the probability 
of the most important transition from / = 1 to / = is 



1 

f 



LOb_ 

^s/d^ 



UJb_ 

^s/d^ 



1 

f 



■ exp(-2;/A2) 

1 -, , . COS 

. 1 + {z/K,Y 



I — 2; + 6 tan — — 
^ s sjd 



2 tan 



Ai. 



l-Klx^psd^ 



p-19) 
(4.20) 



Here r is a nominal relaxation time, depending only on the heterojunction. For 
a GaAs/AlGaAs heterojunction with c? = 3 nm we have f = 0.20 ns. One may 
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Figure 4.3: Transition probability Wi^o between Landau levels h = 1 and h = 
versus magnetic field B for the distance z = 100 nm and ^ = oo from the 2DEG 
to the free surface. 

see from ( ^.191 ) that when the 2DEG is not too far from the free surface, the 
transition probability W has an oscillatory dependence on the magnetic field B 
and on the distance z from the free surface. For illustration we calculate from 
(^4.19 ) iyi_+o (normalized to 1/f) versus B for z = 100 nm and z = oo (Fig. |4.3| ) 



and also versus z for B = 0.5 T (Fig. [4.41). 



4.3 Ballistic acoustic phonon emission by Lan- 
dau states 
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Figure 4.4: Transition probability Wi^o between Landau levels h — 1 and ^2 = 
versus distance from the 2DEG to the free surface for the magnetic field B — 0.5 
T. The transition probability is also shown when no phonon reflection is taken 
into account. 

4.3.1 Acoustic energy flux density 

For deformation electron-phonon interaction in the non-degenerate isotropic en- 
ergy band, with the energy minimum in the Brillouin zone center, the interaction 
Hamiltonian density can be represented in the following form 

= S|*(r,i)|Mivu(r,t). (4.21) 

Here S is the deformational potential constant, ^(r, t) and u(r, t) arc respectively 
the electron and phonon field operators in the Hciscnbcrg representation. It can 
be shown by a straightforward calculation that the spectral density of the acoustic 
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energy flux at the frequency uj lias the form 



= Re 



1 



(4.22) 



0-af3{ro) = 2jJ,Ual3 + XUjySap, Ual3 = -{daUfj + dfsUa). (4.23) 

Here aa/3 and Ua/s are the stress and deformation tensors of the elastic medium, fj, 
and A are the Lame coefficients, < ■ ■ ■ >^ is the Fourier transform of the correlator 
of the operators a and u. Repeated Cartesian indices imply summation over the 
values a, P = 1, 2, 3, and da = d/da is the partial derivative operator. 

As follows from expressions and (HI), in order to obt ain the flux 

density Wo we have to calculate the correlator for the phonon field operators 

Ka^ir, r') =< n+(r)n^(r') >^ . (4.24) 

With that purpose we note that the deformational displacement Ua{r, t) is caused 
by the force 

Fa{r,t) = -^H,^t = H9,|^(r,t)|2. (4.25) 

Therefore, making use of the Green function G^p from elasticity theory, for the 
displacement under the force ( |4.25| ) we can write 

M„(r) = jd\idtiGap{r,T^\t-h)Fp{v^,U) (4.26) 

The electron field operators in the occupation number representation are ex- 
pressed through the anti-commutative Fermi operators in the following form, 

^(r, t) = E exp(-2£,t) (4.27) 

s 

where Es and ips are, respectively, energies and wavefunctions of electrons in the 
single-particle states which are characterized by a set of quantum number s. 
Substituting expressions ( [i.25D -( H^ ) into ( [4.24| ) we can represent the correlator 
K in the following form 

s,s' 

X ^:(ri)V'y(ri)V's(r2)V'Mr2)^:(r,ri|a;)D^(r',r2|^) (4.28) 

in which 

Dair,T'\cu) = d'f,Gap{r,r'\u) (4.29) 
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and the fs are the electronic occupation numbers. 

Now, in order to obtain the energy flux, we have to find the Green function 
for a layered elastic medium consisting of GaAs and AlGaAs, and a metallic gate. 
As was shown in previous section, such a layered medium can be described for our 
purposes in the framework of a semi-infinite elastic medium, i.e. we can consider 
the elastic waves to be refiected only from a surface adjacent to the vacuum. In 
this case it is assumed that the 2DEG is at a distance z from the free surface. 

The Green function for an isotropic semi-infinite elastic medium in the mo- 
mentum representation in the plane of the translation invariance has been ob- 



tained in ||156|| . Using these results, we have calculated the Green function in the 
coordinate representation. As far as phonon emission is detected in an infinitely 
distant point on the reverse face of the sample, we are interested in obtaining the 
Green function G(ro,ri|a;) when yq noo, n is a unit vector directed towards 
the detector. 

The result of calculations shows that the acoustic energy fiux density is rep- 
resented as a sum of the fiux densities of the bulk LA and TA phonons: 

where 

= -ps'q^hu;K^^{ro,ro), (4.31) 

TT 

= -pc'qlhu;Kj;^{ro,ro), (4.32) 

71 

in which s (c) and = Uau/s (g^ = UaUj/c) are the velocities and momenta for 
the LA (TA) phonons, respectively. Further, the kernel of the correlator in 
expression ( |4.28| ) is given by 



2 



L>:(ro,ri|^)D^(ro,r2|c^) = ,.222 i^i)^ i^^) (4.33) 



where 



7^^(r) = exp(-zq5:R) exp{-iq^ z) + nLA^LAexp{iq^z) . (4.34) 



Similarly, in calculating K we have exploited 



2 



D:{ro,r,\u;)Dpivo,r^\^) = —^^^n'*ir,)n'{r,) (4.35) 
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where 

H^{r) = nLA->TAexp{-iqY^R - ia^z). (4.36) 

The following notations were used in expressions (|4.34| ) and (|4.36| ): r = (R, -z) 
and q = (q±,gz), where R and q_L are two dimensional vectors in the {x,y)- 
plane. The refiected-to-incident LA wave amplitude ratio IZla^la is given by 
the following expression 

c2 sin(2^) sin(20r) - cos2(2^t) 



7^ 



LA^LA 



sin 9q 



- sin 6 

s 



(4.37) 



c2 sin(2^) sin(2^T) + cos2(2^t) 

where 6 is the angle between the vector n and the normal to the plane of incidence. 

The amplitude ratio of the reflected TA wave to the incident LA wave as well 
as the momentum are determined differently in various ranges of the angle 6, 
9 < 9 < 6c and 9^ < 9 < n/2, where 9^ = arcsin(c/s) is the critical angle of the 
TA wave total reflection. 

When 9 < 9 < 9c then the momentum = — i{u!/s) cos 9 l where sin^^ = 
{s/c)sin9 and 

2cs sm{29) cos(2^) 



7^ 



LA^TA 



c2 sin(2^) sin(2^L) + cos'^{29) ' 

When 9c < 9 < 7r/2 then the momentum = {u / 3)3^1 where cMl 
[3/c)3in9 and 

4c2s2sin2(2^) cos2(2^) 



(4.38) 



TIla- 



>TA\ 



(4.39) 



d sm\29)3h{2^L) + cos4(20) ' 

Since we are interested in emission taking place in the magnetic field, we have 
to take in the corellator ( ^4.28| ) the electron wave functions given by Eq. ( ^4.2| ). 



Substituting expressions (|]2|), (|43|)-(|]3|) and (|4|) into the relation (WM) . 
we finally obtain the following expression for the LA phonon energy flux density 
emitted from a unit area of the 2DEG into a solid angle element do around the 
direction 9: 



rf>V^(^) = 1 + 7^L^^^ + 2nLA-^LA cos 2ip W3^(0)C/O 



(4.40) 



where 



W'''{9) = WoQU(-sm9 



it) 



I ( -COS0 

3 



2, ,4 



B 



./Jl-4) (4.41) 
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is the LA phonon acoustic energy flux when the phonon reflection is not taken into 
account. The form factors Qi^^i^ and I{qz) are given by Eq. ( |2.12D and Eq. (^.7]). 
The phase (p in Eq. (|4.7|) can be represented in the form 

(p(e,z) = -z sine + ifo, (4.42) 
s 

Ob is the magnetic length. It is assumed that the interacting electrons stay at the 
same spatial quantization level. It is also taken into account the spin degeneration 
factor Qs = 2. 

For TA phonons in the same way, we obtain in the angular range < 6 < 6c 
dW^iO) = 4|7^LA^TA|'>V3^(^L)rfo (4.43) 



C3 



while in the range 6c < 6 < tt /2 



dW^ie) = -|7^iA^TA^W=^^(7r/2 - t^L)do (4.44) 



Notice that in the range < 9 < 6c, W does not depend on the distance z while 
in the range Oc < < -k /2, there appears a strong exponential dependence via a 
factor exp[— 2(ti;/s)zs/i??L]. 

4.3.2 Suppression of surface acoustic phonon emission 

In the previous section, the emission spectrum for the bulk ballistic acoustic 
phonons has been calculated when the reflection of these phonons from the in- 
terface near the 2DEG has been taken into account. It is clear that, in spite of 
the considered deformational electron-phonon coupling, the detected signal con- 
sists of both longitudinal LA and transverse TA phonons. However, the emitted 
phonon field, in general, must also include surface acoustic SA phonons. Over the 
last few years the interaction between the 2DEG and surface acoustic waves in 
the quantum Hall regime have been widely investigated pi2| , |213| , |214| , pi5|| . 



In order to find the emission spectrum of the ballistic surface phonons, we 
have to complement our calculations of the previous section also for the energy 
range uj < cq±, where c is the TA phonon velocity, uj and q± are the energy 
and in-plane momentum of the phonons. Recall that the elasticity theory Green 
function has the pole in this energy range corresponding to the normal surface 
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mode of the elastic layered medium. Straightforward calculations show that the 
spectral density of the acoustic energy flux W at frequency u is represented as a 
sum of the flux densities of the bulk and surface SA phonons, 



Bulk 



(4.45) 



Moreover, if one describes the layered medium of the GaAs/AlGaAs heterostruc- 
ture in the framework of a semi-infinite elastic medium which is an acceptable 



approximation for our purposes then for the flux density of the Rayleigh 
waves emitting from a unit area of the 2DEG we obtain 



R\ 



1 1^0 



<7Wo4exp(-4)(l + — ^ 
1 



K 



R 



UJb 



2mcC% ' 



exp( 



Vr = 7i 



UJb 
cr/z' 



(4.46) 
(4.47) 



where the dimensionless quantity g is given 
^7(^1, 6) = 27r 



^ A ^ 2n , 7i \ , J + 7i 

— 1 1 + 72 + — - 71 - 72 

271 V 71 72/ 



X 



1-72 



2(71-72) +7i 



.71 



71 



a. 72 



-)■ 

72/ 

Cr 



1-72^ 

-1 



6 



Cr 
c 



(4.48) 



(4.49) 



Here cr is the velocity of the Rayleigh waves. For GaAs with c/s = 0.59 and 
cji/c = 0.92 (see Table p.4|) , we obtain g = 2.51. This surface acoustic energy 
flux isotropic and concentrated in the 2DEG plane. The factor Wq is given by 
4.41 and depends on the parameters of the problem which are the same for both 
bulk and surface phonons. Moreover, we have ~ Wo at the peak of the 
bulk phonon emission (c/. Eq. ( [4.41| )). However, in magnetic fields B = 1 T 
taking d = 3 nm and z = 100 nm one can be convinced that = 303 and 
2r]fj = 157. This means that the emission of SA phonons is extremely weak. The 
first exponent in Eq. ( [4. 471) is also present in the corresponding expression for the 
bulk phonon emission intensity. However, in contrast with the bulk phonon case 
where for the same transition energy Hujb, the emission is almost normal to the 
2DEG plane, the momentum of the Rayleigh waves completely lies in the 2DEG 
plane. That is why in this case ^ 1 and the interaction matrix element rapidly 
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decreases. This is a direct consequence of the fact that the electron states in this 
magnetic field regime constitute a plane wave packet, and in this packet there is 
an exponentially small number of waves for which the momentum conservation 
law is fulfilled for interaction with surface phonons with q = ljb/cr ^ Pb = (^b^- 
The second exponent appears because the SA phonons propagate along the free 
surface and exponentially attenuate if departing from this surface. It is easy to see 
that for typical values of ^ = 50 — 150 nm the surface is always distant: rj^i^ 1. 
Thus one can confirm that the strong exponential suppression of the SA phonon 
emission occurs in the wide range of the magnetic field variation, huB ^ 2mcc\ 
so the cooling of the heated 2DEG is only at the expense of emission of the bulk 
phonons. 



4.3.3 Interference and conversion effects 

The relations obtained in previous section show that in spite of deformation 
electron-phonon interaction, and though the energy band has a parabolic shape, 
the phonon field emitted by the 2DEG consists of both bulk LA and TA phonons. 
On the other hand, it is clear that the electrons interact directly only with LA 
phonons (c/. Eq. ( [4.21D ). This situation can be explained as follows (see Fig. W^ - 



The electrons of the 2DEG emit only LA phonons in all directions. Therefore 
the detector at the point fq will record all the LA phonons which are emitted in 
the direction of negative z-axes at the angle of 6. Only such phonons were taken 
into account in the 3D case. However, the detector will also respond to all those 
phonons which have been primary emitted in the direction of positive 2;-axes at 
the angles of 9 and 9l to the free surface. Such LA phonons, upon their reflection 
and conversion at the free surface, propagate backwards in the form of LA and TA 
phonons, respectively, in the negative ^-direction both at the same 9 angle. The 
reflected LA phonons interfere with the initial LA phonons. Thus the detector 
will respond to the interference field of the LA phonons and to the conversion field 
of the TA phonons. Now, since the phase difference of the initial and reflected 
LA phonons is the function of the angle 9 and the distance z {cf. Eq. [1.42| ), the 
intensity of the detected interference of the LA phonons should also depend on 
9 and z (see expressions ( [4.40|) ). At the same time, one should expect that the 
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intensity of the conversion field of the TA phonons should be independent of the 
distance z. This, indeed, is the case when 9 < Of,. According to Eq. ( |4.43| ), the 
flux of the converted TA phonons depends only on 9 but not on the distance z. 
When 9 exceeds 9ci the intensity of the converted TA phonons begins to depend 
strongly on ^ via the factor exp[— 2(^7/5) zs/ii^l] (c/. Eq. ( [4.44| )). The appearance 
of such a dependence can be most easily understood if we consider the inverse 
process of the TA^LA conversion at the phonon absorption by the 2DEG. When 
the TA phonons are incident on the free surface at the angle of > due to 
the total reflection effect, the LA phonons are being created in the (x, y)-plane 
(one should not confuse them with surface phonons). The amplitude of such 
phonons decreases exponentially with the distance from the surface. Therefore, 
their interaction with the 2DEG is effective and the absorption of the TA phonons 
incident at angles oi 9 > 9c takes place when the distance z is of the order of 
the LA phonon wavelength A. Usually in real structures this is not the case. 
Therefore, in terms of the phonon emission, one can state that for z ^ A, the 
conversion field of the TA phonons is concentrated inside a cone 9 < 9c- Recall 
that if the reflection of phonons from the free surface is not taken into account 
then according to relation (f4.41|) , the emission of the phonon field is concentrated 
in a narrow cone around the magnetic field direction. As can be seen from 
expression ( [4.40| ) , the presence of the free surface changes the LA phonon flux 
magnitude by a factor of [1 + IZ\j<^_^j^j<^ + 21Zla^lacos2({)\. This factor varies 



between the values and 4 (see insets in Figs. [4.5[ -??). Therefore, there can be 
situations when the effect of the free surface on the magnitude of the acoustic 
energy flux can be very strong. Due to oscillations of this factor, new peaks can 
originate in the dependence of on 9, i.e. the initial and reflected LA phonons 
can cancel each other in the interference when their phase difference is close to 
vr. This can take place, for example, at small angles 9 and at distances z d 



(Fig. |4.6|) where d is the electron layer thickness. One should observe, however, 
that the Landau level broadening, the account of which requires the following 
substitution in ( [4. 401 ) 



cos 2ip — > exp 



cos2(/? (4.50) 



z 

'a;. 

where the characteristic damping length A2 is given by Eq. ( 4.16|) , will somewhat 
spoil the monochromatic character of the emitted phonons and, thus, smooth the 
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oscillations (Fig. [4.8|) . Therefore it will be difficult to observe the interference 
peaks on the background of the main peak for large values of 2> A2. Note also 
that the factor exp(— Z/A2) ensure that the Landau level broadening diminishes 
the effect of the free surface when z —>■ 00. This effect, however, is not eliminated 
completely. When z 00 the interference between the LA phonons disappears, 
and so does the TA phonons in the range O^. < 9 < -k /2 while in the range 
< < ^c, the conversion effect remains active. If we take into account that 
the main emission is concentrated near small angles 9, then TZl-,l ~ 1 and, 
therefore, W^lz^oo is nearly twice as large as W^^. This result is natural, since 
the detector in this case will respond to the LA phonons emitted both in positive 
and negative 2;-directions. However, the most intriguing for experiment is that 
due to the conversion effect of the LA phonons into the TA, it becomes possible 
under the deformational electron-phonon interaction to detect the TA phonons 
on the reverse side of the sample. Moreover, the intensity of these TA phonons 
is independent on z and by its order of magnitude is comparable with W^^. 



4.3.4 Angular distribution of the emitted phonon field 

In this section the angular distribution of the emitted phonon field is calculated 
under the condition that the electrons occupy only the ground level of the size 
quantization. Therefore, to obtain the form-factor / we use the model function 
( [4. 171 ) in which z = corresponds to the free surface position. Usually for a 
GaAs/AlGaAs heterojunction the characteristic distance d = 3 nm while typical 
values of z vary between 50 and 150 nm. Calculations carried out for the electron 
transitions between the Landau levels / = 1 and / = in the magnetic field with 
B = 0.5 T. It is assumed the Fermi level is to be midway between these Landau 
levels and the electron temperature Tg = 7 K. 



In Figs. |4.5| - |4.8| the angular dependence of phonon emission is shown for two 
values of the distance z. The thin curve shows the emission intensity when the 



phonon reflection is not taken into account. From Figs. [4.5[ - [4.8| one can see that 
the phonon emission is practically absent for angles larger than 30°. The TA 
phonon field is concentrated in a narrower cone around the magnetic field than 
the LA phonon field. Note that the total inner reflection angle 9^ = 36°. As one 
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Figure 4.5: Angular distribution of the phonon emission intensity aX z = 105 
nm when the Landau level broadening is not taken into account. Inset shows 
dependence of the ratio VV^/W^'^ on the emission angle. 



can see from the diagrams in Figs. Co and O, the angular pattern of the LA 
phonon emission is very much different for ^ = 105 nm and z = 109 nm when 
the Landau level broadening is not taken into account. Namely, for z = 105 nm, 
LA phonon emission has a peak at 6' ^ 11° while for z = 109 nm, emission is 
strongly suppressed at the same angle so that there appear two other peaks. This 
is due to the interference oscillations discussed above. These oscillations are more 



distinctly demonstrated on insets of Figs. |4.5| and |4.6| where the dependence of 
the ratio /W^^ on the angle 6 is shown. The oscillations almost preserve their 
form with varying z, they are simply shifted along the 6'-axis, so that emission 
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Figure 4.6: Angular distribution of the phonon emission intensity ai z = 109 
nm when the Landau level broadening is not taken into account. Inset shows the 
interference oscillations. 



can be strongly suppressed by choosing a proper z. However, for large values 
^^A2 (even for high-quality heterostructures with mobility fi = 100 m^ V^^ s^^ 
we have A2 ~ 100 nm), the Landau level broadening smoothes these oscillations, 
as it is shown on inset of Figs. O and |4.8| . So the emission character will not 
be impressively different for different values of z [quod vide Figs. [4.5| and [4.61 ). 
Finally, note that the intensity of TA phonon emission is nearly 3 — 6 times 
smaller than that of LA phonons but still remains a quite measurable quantity 
for experiment. 
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Figure 4.7: Angular distribution of the phonon emission intensity at z — 105 
nm when the Landau level broadening is taken into account. 

4.4 Optical phonon emission: One phonon pro- 
cesses 



The 2DEG embedded in an elastic medium of a single heterostructure and sub- 
jected to the quantizing magnetic field in z-direction normal to the electron layer 
is considered in this section. The scattering probability at which one phonon of 
a given mode T and a 3D-wavevector q = (q^, Qz) is emitted by an electron of 
the 2DEG is given by Fermi's golden rule as 

27r 



(4.51) 
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Figure 4.8: Angular distribution of the phonon emission intensity at z — 109 nm 
when the Landau level broadening is taken into account. 

The electron eigenstate \nlkx > is labeled by a subband index n corresponding 
to the quantization of electron motion in ^-direction, by a Landau index / and 
an electron momentum x-component k^. In the case of the bulk Landau states 
the eigenenergy £„; does not depend on the quantum number kx which counts 
the degeneracy of a Landau level. The frequency of a phonon in a given mode is 
u!r{(l). Because corresponding wave functions \nlkx > are factored into a subband 
function \n > and a Landau oscillator function \lkx > the matrix element can be 
represented in the form 



(4.52) 
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where the form factor Qui is given by Eq. (|2.12|) . In the case of n = n' = 0, using 
the model wave function ( [4.17D , one can obtain the following explicit forms for 
the subband part of the matrix element 

IC'''^^)]' = (1 + Q^)-', \Iofiu)\' = (1 + q±dr' (4.53) 

where d is the length scale of the 2DEG in 2;-direction. It is assumed that d is 
the smallest parameter of the problem so that the electron relaxation between 
Landau levels of the lowest subband should be considered. 

In Eq. ( |4.52| ) the factors B^{q) characterize the electron-phonon interaction 
and are given by 

B^^iq) = ^ = = = 1 , (4.54) 

-t^ ' tda 7r«. s Z-nnps'^ 4 ps 

^ ^ = -yiT^' — = ^3 = ^(^po^po = 777^ — , 4.55 

iq L'^/^ Tpo nh ppo 0.14 ps 

,sOf \ 1 ^50 1 _ 'f^cBso aso^so 1 



(4.56) 



nl'^ ^ ' '^SO T^h^PSO apoUJpo Tpo 

j (0.50 ps)-i for X = 0.3 
1 (0.34 ps)-i for X = 1. 
Here L is the normalization length, rric is the electron effective mass, s is the sound 
velocity and hpr = \/2mJiujy. The constants B^a, Bpo ||136|| and Bso are bound 
up, respectively, with the deformation potential constant S, the usual Frolich 
constant apo and the electron-SO phonon coupling aso- The constant aso for 
interface modes in a single heterostructure is defined according to Eq. (|2.7|) . 
In Eqs. ( 4.55| )- (|4.56 ) instead of the constants -Bx, the nominal times fx [ 136 



are defined which give a visual view of scattering rates. It can be seen that fso 
is 2.5 ~ 3.5 times larger than fpo-, i-e., generally speaking, the interaction with 
interface modes should be weaker than with bulk modes. 



4.4.1 Polar optical phonon scattering 



The scattering rate of an electron between two Landau levels / and /' interacting 
with PO phonon can be represented in the form 

1 _ u/POq _ 2vr^ vpo ^ ( \ 
W q,fci L Tpo g q 
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X \Ioo{q.)\'S{Alu;B - u;po{q)) = ^^^^D^P{^) (4.57) 



where the overlap integral DfiP{^) is given as 

Ql'it) 



roc 

D(iP{-i) = / dxdt 
Jo 



(t + a;2)(l + 72a;2)3 



'2 



X 5(A/c^B-^po(q)),7 =2— . (4.58) 

The PO phonon emission is governed by the density of final states of a two- 
particle system: an electron at the level /' and a PO phonon. If the PO phonon 
dispersion be ignored then both particles have an infinite mass so that this system 
does not have a continuous spectrum. Thus, to obtain the finite relaxation rate 
the Landau level broadening or the PO phonon dispersion is to be taken into 
account. 

Allowance for the Landau level broadening 

For actual calculations of the scattering rate ( [4.57| ) we have to smear the 5- 
function in Eq. ( [4.58| ). Replacing the 5-function by a Lorentzian 

characterized by the total width h/r where r is the relaxation time deduced from 
the mobility {e.g. /i = 25 s~^ m^ corresponds to r = 10 ps), it is easy to 
obtain 

- l + .2(J_^,,^/ ^---(7), (4.60) 

4' (7) = '^'^-'^'^ v/t(l + 7v/t)3 ' (^-^^^ 

^'^(0) = v^^W^- (^-^^^ 

One can see that ~ t ~ 1, z.e. — q± — a^^, have the main contribution to 
the integral ([4.58|) . This isotropic distribution in momenta of emitted phonons 
is conditioned by the long-range nature of the polar interaction. It forces the 
scattering time to be governed by the minimum scale in the momentum space, 
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min{a^^, d ^}. Recall that in the case of DA phonon scattering, phonon emission 



is anisotropic in the momentum space: qz — d ^ ^ ^ | |176| , |216| . 



In magnetic fields below 10 T using c/ = 3 nm as a typical value for a 
GaAs/AlGaAs heterostructures we have 7^ <^ 1. Therefore, in rough estimates, 
the value of dfiP at 7 = can be used. 




36.4 
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Figure 4.9: The Landau level broadening contribution to the PO phonon emission 
rate versus on the inter-level-spacing AIujb for the electron transitions between 
I = 3 and /' = levels in the vicinity of the PO phonon energy upo- 



The result of numerical calculations according to Eqs. ( [4.57| ) and [4.62| at 
7 7^ and r = 10 ps is shown in Fig. The diagram of the scattering rate 

dependence on the inter-Landau-level separation for I = 3 and /' = represents 
a narrow peak at the PO phonon energy with peak value exceeding 10^ ps~^. 
One may see that for detuning 0.2 meV the scattering time t^So increases by an 
order. 
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Note that in the case of the relaxation between Landau levels / = 1 and /' = 
the scattering rate dependence on the inter-level spacing is also represented as 
a Lorentzian with approximately the same width and with the peak value 1.17 
times larger than that of for the relaxation between levels I = 3 and /' = 0. 



Allowance for the PO phonon dispersion 

In this case taking upoiq) = ujpo{l — /^q^) with ojpo = 36.62 meV and go = 
18.5 nm~^ the overlap integral ( |4.58| ) can be reduced to a one-dimensional integral 
of the form 



(t + a;2)(l +72x2)3 \^ - ' 2xo 

/■^ , Qwi.y) 2 n A/^B ^ 2 

JO (1 + b'^X^r UJpn 



2„2 



upo — AIlub Jo (1 + b'^x'^)^ ujpo 

4 = I^Wb, y = - ^'), = a^j' (4.63) 

which is evaluated numerically for the electron transitions between / = 3 and 
I' = Landau levels (Fig. [4.10|) . Because of the energy conservation, electron 
relaxation via this mechanism is possible only on the low magnetic field side, 
3ujb < ^po- The scattering rate has a sharp and strongly asymmetric peak 
immediately below upo with the peak value exceeding 10 fs~^. It can be seen from 
Esq. [4.57| and [4.63| that the scattering rate decreases exponentially for energies 
below the peak value while it drops more strongly for energies above the peak 
value (Fig. [4.10|) . As following from the comparison of diagrams of Figs. [4.9| 
and |4.10| , the PO phonon dispersion contribution at the relaxation peak by an 
order of magnitude is greater than the Landau level broadening contribution. The 
former remains significant even for samples of exceptional quality (/i > 100 V^^ 
s~^ m^). On the other hand the allowance for the Landau level broadening gives 
rise to a symmetric peak at ujpo thereby providing the one-phonon relaxation on 
the upper side of the resonance. 

Note that the electron-PO phonon relaxation rate calculated for a GaAs quan- 



tum dot |26| as a function of a dot diameter or, that is the same, of an inter-level- 
spacing has an approximately 3 ~ 4 times narrow peak than the peak of the PO 
phonon dispersion contribution obtained here in the QHE geometry. Both have 
approximately the same peak value. 
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Figure 4.10: The PO phonon dispersion contribution to the PO phonon emission 
rate as a function on the inter- level-spacing AIcub for the electron transitions 
between I — 3 and I' — levels. 

4.4.2 Surface optical phonon scattering 

In the case of a single heterostructure, the surface optical SO phonons do not 
exhibit dispersion. Therefore for SO phonons we consider only the Landau level 
broadening contribution to the relaxation. To obtain the scattering rate we have 
to replace all indexes PO hy SO and to take the overlap integral DfiP in the form 

l-l 

w 



C(0) = V^^^^. (4.66) 
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Note that t ^ 1, z.e. q± — a~^^ have contributed heavily to both integrals in 
Eqs. ( [4.62| ) and [4.65| . It is clear that the SO phonon relaxation peak is shifted on 
the low energy side by cjpo — t^so ~ 2 meV. Taking d = 3 nm and i? = 7 T it is 
easy to obtain d^Q = 0.023 and d^^ = 0.1. Therefore at the relaxation peak, the 
PO phonon scattering rate is to the SO phonon scattering rate as 

^^^^tjo /^|£_jl5,9 if . = 0.3. 

Tg^O ^PO V ^SO C^30 i 10.8 if x = l. 

Thus SO phonon relaxation at least by an order is weaker than relaxation via 
PO phonon emission. 



4.5 Phonon emission: Two-phonon processes 



To calculate the electron transition probability due to the two-phonon emission 
mechanism, the quasiparticle approach has been exploited. Therefore, the two- 
phonon contribution to electron relaxation in the first order of the perturbation 
theory arising from the interaction Hamiltonian expanded up to second order 
in the phonon displacement operators can be neglected [|136|| . The second order 
contribution to the probability of an electron transition from a bulk Landau state 
\lkj. > into a state \l'k'^ > of the same lowest subband (for brevity the subband 
index will be omitted) at which one PO phonon with a 3D-wavevector q and one 
DA phonon with a 3D-wavevector q' are emitted is given by 

271 BpoBda q' 



W, 



+q,+q' 



L6 



5{AliUB — ujpo — sq 



E 

^ikx 



< l'k'^\exp{—ic{'r)\lkx >< lkx\exp{—iqr)\lkx > 



+ 



< l'k'J\ex]i{—i(\r)\lkx >< lkx\exp{—iq^r)\lkcc > 
(/ — 1)ljb — sq' 



(4.68) 



The PO+DA phonon emission rate at electron transitions between Landau levels 
/ and /' can be obtained after summing up over the phonon and the final electron 
momenta, q, q' and k'^, 
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Note that after summation over k'^ the result cannot depend on gauge non- 
invariant quantum number k^. The exphcit calculation of the emission rate can 
be carried out by consideration separately the following two situations: {AIujb — 
^po) ^ ^B.^po and {Mujb — ujpo)^ujb,ujpo, where the relaxation is qualita- 
tively different. 



4.5.1 Low magnetic fields 

{Mujb — ujpo) ^ uJB,ujpo In this energy range the main contribution to the 
sum over intermediate states / in Eq. [4.68| have the state / = /' in the first term 
and the state / = / in the second term. Therefore, the emission rate can be 



rewritten as 



1 27rBpoBDA 



T, 



PO+DA t4 



6{AIujb - topo - sq') 



l^l q,q' 

X ^M^|g,,(gi) -g,(gi)n/oofe)n/oo(g;)r (4.ro) 

q^q' 

which again can be reduced to a one-dimensional integral of the form 



Ub 



PO+DA = „„ 

Ti^l t^po+daSPpo 



Jo 



[Liit')-Liit')]' AlujB-ujpo ^ 

where a nominal relaxation time is introduced for the DA+PO phonon emission 
mechanism 

^ ^ (4.72) 



TPO+DA 4:SppoTpoTDA 

which depends only on a hetero junction parameters. For a GaAs/AlGaAs het- 
erojunction with d = 3 nm we have tpq+da ~ 2.9 ps. 

Actually in this energy range of AIujb, the electron transitions take place in 
following two ways, (i) Remaining on the level I, an electron emits a DA phonon 
thereby the electron-phonon system is forced to transit into a virtual intermediate 
state. Then the electron emits a second PO phonon so that the electron-phonon 
system turns out in the final state with the real electron on the Landau level /' 
and with two real DA and PO phonons. (ii) In the second way, the electron emits 
firstly the PO phonon and simultaneously makes a transition to the level By 
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emission of the second DA phonon, the created virtual intermediate state is forced 
to transit into the same final state. In both cases 3D-wavevectors of emitted PO- 
and DA phonons are not correlated. The 3D-wavevectors of emitted PO phonons 
have the same isotropic distribution in the momentum space as in the one-phonon 
emission case. While the momentum distribution of the emitted DA phonons is 
different in different ranges of AIujb- Immediately above the PO phonon energy 
for /3 ^ 1 (this corresponds to the energies {Mujb — ojpo) ^ s/qb), electrons 
emit DA phonons with ^ g!. ~ a^^. In this case the following asymptotic 
expression is obtained for the emission rate 



1 _ 16(/ - I'y (3^ COB 

PO+DA ~ ^ ~ ' 



dfi^l). (4.73) 



The essential part of the magnetic field dependence in this range is given by 

oc (5 - EaO', (4.74) 

i.e., relaxation is enhanced as a fifth power oi B — Bj\i with increase in the 
magnetic field. Here B^i is the magnetic field for which AIub = ujpo- 

In opposite limiting case of /5 ^ 1, actually for energies s / d<{MujB—oJpo) ^ 
u!b,^^po, electrons emit DA phonons with q'j_ ^ a^^ ^ ~ d~^, i.e., DA phonon 
emission is heavily concentrated in a narrow cone around the magnetic field. In 
this case for the emission rate we obtain 

1 1 2 u;^ rpo 



rfSi^"^ rpo+DA /3(1 + l^P^f sppo 
The essential part of the magnetic field dependence is given by 

1 



<'^(7). (4.75) 



T, 



PO+DA 



(X (5 - B^i)-\ (4.76) 

i. e., in this range relaxation becomes linearly weaker with increase in the magnetic 
field. 

Results of numerical evaluation of the emission rate as a function of the inter- 
Landau- level separation Alup in the whole energy range ( [4.5. 1|) are illustrated for 
transitions between Landau levels I = 3 and /' = in Fig. |4.11| . So far as the two- 
phonon processes contain the small electron-phonon coupling in the second order, 
PO+DA emission gives rise to a peak which is lower than that of for one-phonon 
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Figure 4.11: The PO+DA phonon emission rate versus on the inter-Landau- level 
separation AIcub for the electron transitions between I — 3 and I' — levels in 
the energy range {Scub — i^po) <S ^b, t^po- 

emission. PO-I-DA phonon relaxation has a sharp onset at low magnetic fields 
corresponding to energies immediately above hujpo where the peak increases as 
a fifth power in the magnetic field achieving the peak value exceeding 1 ps~^. At 
high magnetic fields the peak decreases much slowly, linearly in S — B^i, so that 
the PO-I-DA phonon emission mechanism gives rise to a rather broad peak than 
the PO phonon emission peak. 



4.5.2 High magnetic fields 

{MujB — oJpo) — ujb, 'jJpo- As it follows from the energy conservation, the energy 
of an emitted DA phonon is sq' ub so that q' ~ ujb/s ^ a^^. On the other 
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hand, electrons in the states with Landau indexes / ~ 1 have momenta of the 
order of a~^^. Therefore for more important electron transitions with /, /' ~ 1 the 
momentum transmission to the phonon system is also of the same order of a^^. 
Hence in this energy range, electrons should emit phonons with almost oppositely 
directed momenta of approximately equal absolute values to avoid an additional 
suppression of the two-phonon emission. The large momentum transferred to each 
phonon results in the large Landau index I for intermediate states in Eq. 



As far as the quasiclassic description takes place for Z 1, the intermediate state 
energies are 

Iub ~ > Iujb, ^po, sq . (4.77) 

Therefore for the emission rate in the range ( [4.5.2|) we obtain 

1 3 {2ms^/nfujB 1 



^fSi^^"^ 2fpo+DA {AIujb - ujpo)^ ppod ' 
The magnetic field dependence is given by 

1 



(4.78) 



^PO+DA 



<x{B- B^i)-'. (4.79) 



Because in the range ( |4.5.2|) , B is of the order of B/^i one can replace B — Bai 
by B^i so that the emission rate dependence on the magnetic field is weak in a 
rather wide energy range above upo- 

It is interesting also to compare the PO+DA phonon emission rate for transi- 
tions between Landau levels / = 3 and /' = with the 2LA phonon emission rate 
at transitions between levels / = 1 and /' = 0. Using the result obtained in |^ 
it is easy to obtain 

1 _^ TDAUjloi2mcyh) 1 

PO+DA °^ (o, , ,, \3^2DA- {^-OV) 

Taking B = 8.4 T and d = 3 nm for a GaAs/AlGaAs heterojunction we have 
2ms^ ^ 0.02 meV and up = 2ujpo/5 ^ 14.65 meV. So as it follows from Eq. (g]7|) 
at transitions between Landau levels / = 3 and /' = one can use rfSo^^"^ = 100 
ns as a characteristic relaxation time in the range ( |4.5.2|) . Under the same con- 
ditions at transitions between levels I = 1 and I' = for the LA and 2LA phonon 
emission times we have, respectively, rfj^^ = 5.4 /is ||5| and t^^q = 15.6r;^o*'^'^- 
Thus comparison of these times shows the importance of the PO+DA emission 
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processes in the QHE geometry. In some experimental arrangements the PO+DA 
phonon emission mechanism is much more efficient than relaxation in the follow- 
ing two consecutive emission acts: PO phonon emission (even under the sharp 
resonance) + either LA or 2LA phonon emission. 

4.6 Summary 

In conclusion, PO phonon assisted electron relaxation is calculated as a function 
of the inter-Landau-level spacing in the 2DEG in the QHE geometry. The PO, 
SO and PO+DA phonon emission processes via polar optical and deformation 
acoustical interactions are considered. The interface SO phonon relaxation is at 
least by an order weaker than the relaxation via PO phonon emission. To obtain 
a finite relaxation rate associated with one-phonon emission, the allowance for the 
Landau level broadening and for the PO phonon dispersion is made. Immediately 
below the phonon energy hujpo, the PO phonon dispersion contribution gives rise 
to a sharp peak with the peak value approximately 0.17 fs^^. The Landau level 
broadening contribution has a rather broad peak with the relatively lower peak 
value. Below Upo within an energy range of the order of Ti\JujbJt^ the one- 
phonon relaxation rate exceeds 1 ps^^ (r is the relaxation time deduced from the 
mobility). In GaAs/AlGaAs heterostructures with the mobility = 25 s~^ 
m^ this range makes up 0.7 meV. 

Two-phonon emission is a controlling relaxation mechanism above fkopo- For 
A/go's immediately above ujpoi PO-I-DA phonon relaxation has a sharp onset. 
The relaxation rate increases as a fifth power in the magnetic field achieving to 
the peak value exceeding 1 ps~^ at energy separations of the order of s/a^ (in 
GaAs at S = 7 T we have h{s/aB) ~ 0.4 meV). At higher magnetic fields in 
the energy range sa^^ ^AIujb — ojpo^sdT^ (in GaAs with d — ?> nm we have 
h{s/d) fa 1.2 meV), the two-phonon peak decreases hnearly in the magnetic field. 
Above cupo within the wide energy range (in GaAs this range makes up to 5 
meV), the magnetic field dependence of the relaxation rate is rather weak and 
the subnanosecond relaxation between Landau levels I — 3 and I' — can be 
achieved via two-phonon emission mechanism. 

Our analysis demonstrates also that in some experimental situations, the 
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PO+DA phonon emission mechanism is more efficient than relaxation in two con- 
secutive emission acts: PO phonon emission (even under the sharp resonance) 
with the subsequent emission of either LA- or 2LA phonon. 



Chapter 5 

Edge state scattering 



5.1 Introduction 

The single particle energy spectrum in a 2DEG exposed to a homogeneous mag- 
netic field normal to the electron plane is separated into the quasibulk Landau 
and edge states. The edge states correspond to the classical skipping orbits. Their 
location with respect to the boundary of the sample depends on the wave vector 
k. When the k oo, the edge state number / transforms into a quasibulk Landau 
state (see Fig. |5.1| ). The confining potential in the plane of electrons removes the 
degeneracy of the Landau levels so that, in contrast to the bulk Landau states, the 
edge state energy exhibits a finite dispersion ei{k) with ei{k) —^ei = huB{l + l/2) 
if A; ^ oo [ujb is the cyclotron frequency). There exist edge states also in quan- 
tum wires (QWs) in the magnetic field normal to the wires. If wire width L is 



much greater than the magnetic length, L a^, (a^ = \Jfi/mcUJB is the mag- 
netic length, rric is the electron effective mass), then the backscattering between 
edge states moving in opposite directions on the opposite sides of the wire is 
strongly suppressed. So in sufficiently strong magnetic fields, the edge states in 
the 2DEG and QW can be treated in the same way as one dimensional system 
structures. Currently semiconductor nanostructures with such one dimensional 
electron systems attract considerable interest both to study in them novel physi- 
cal phenomena as well as for possible device applications such as QW lasers (see 



review 



To explain the quantum Hall effect (QHE) in high mobility samples with a 
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Figure 5.1: A schematic diagram of the edge state energy spectrum, (a) Tran- 
sitions 0-^1 and 1^0 due to acoustic phonon emission are shown. At low 
temperatures, states close to the Ofci are important, (b) If the Fermi level is close 
to the bulk Landau level, the transitions — *■ 1 involving states above the thresh- 
old kc are only possible. At high temperatures, states disposed at the separations 
of Tg above and below ep are important. 



2DEG of submicron dimensions, since shortly after its discovery |]T3 



a new con- 



cept based on the Biittiker-Landauer quantum edge state transport formalism 
has been advanced ||217| , pl8| , |219| , |220|| . In this description the conducting prop- 



erties of the 2DEG are determined by the edge states at the Fermi level, ep, 
which are propagated along the sample boundaries. Within the sample, elec- 
trons occupy quasibulk Landau levels below ep, but near the boundary of the 
sample, the confining potential bent up these energy levels so that they rapidly 
increase and intersect ep. Thus each quasibulk Landau level below ep gives rise 
to a quasi-one dimensional transport edge channel at ep on either side of the 
sample. If the 2DEG is coupled to two large electron reservoirs with applied 
potential Afi and with ideal contacts, i.e., they transmit every electron without 
reflection, then the edge states are equally populated and each edge channel car- 
ries an equal fraction of the current on a given side of the sample. On opposite 
sides of the sample, the current flows in opposite directions resulting in a total 
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current I = N{2e/h)Afi and a Hall voltage Vj^ = A/i/e so that we have the QHE 
with the Hall conductance Gh = N{2e^ /h). Under these conditions Gh does not 
depend on the properties of the contacts and is determined by the number of 
the quasibulk Landau levels. Kent et al. in their recent experiment ||221|| have 
obtained qualitative agreement with such theoretical description of the QHE. 

On the other hand, electrons can be selectively injected into different edge 
channels and selectively detected using non-ideal probes. As a result we can have 
a non-equal population of the edge states and significant deviation from the nor- 
mal integer QHE. In this it has been theoretically shown by Biittiker 
pi7|| , Gh depends on the properties of the current and voltage contacts and is 
not related to the number of bulk Landau states below Sp- While flowing along 
an edge of samples, the current tends to redistribute so that an equal fraction 
of the current is to be carried by each edge channel. Such a re-establishment 
of the current equilibrium can be achieved via electron scattering processes by 
phonons and impurities. If spatial separation between edge channels is not much 
greater than the magnetic length then the equilibrium is expected to occur after 
the current travels a distance of the order of the zero-field inelastic and elastic 



scattering length, 10 /xm. However, recently van Wees et al. ||222|| and Komiyama 
et al. ||223|| , involving high mobility 2DEG systems with non-ideal current probes 
separated more than 200 /im from one another, have observed that a long dis- 
tance in excess of 100 /im is necessary to equilibrate the populations between 
different edge channels. It has been shown in these works that under the con- 
ditions of strong magnetic fields and low temperatures, the quantization of the 
Hall conductance is determined only by the number of the quantum edge channels 
which are coupled to the non-ideal probes and is independent of the total num- 
ber of the occupied quasibulk edge states. This effect, usually referred to as the 
anomalous integer QHE, has also been revealed in a number of recent experiments 
22|, |225|, |23l |22|, ^\ |2|, |28[. Data of these experiments, being analyzed 



with the help of Landauer-Biittiker formalism, provide some information about 
the inter-edge-relaxation that leads to the re-establishment of the equilibrium. In 
the course of such analyses two important features were revealed which indicate 
the importance of the analogous theoretical investigations. Firstly, the charac- 
teristic scattering length Ci^v between states / and /' exceeds significantly the 
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transport scattering length obtained from zero-field mobility. It points out the 
significant suppression of the scattering compared to the case of zero magnetic 



field. Secondly, a strong temperature dependence of Ci^i, was revealed [p25| , p27|| . 

In their experiment Alphenaar et al. |p29|| have further clarified the long range 
of non-equilibrium distribution of electrons. The carrier source contact has been 
adjusted in such a way that the current has been injected into the sample from the 
non-ideal current probe reservoir through only the lowest of edge channels. The 
authors have studied in detail the dependence of the inter-edge-state equilibration 
length on different pairs of edge states, on the magnetic field and filling factors. 
The result indicates that the N — 1 outermost edge states equilibrate but these 
states are decoupled from the innermost edge state. A clear understanding of 
the reason for this effect has not been achieved yet. In principle, it is impossible 
to do this in the framework of the theories with a parabolic confining potential. 
Such potential has no flat domain corresponding to the interior of the sample. 
Therefore, there are no quasibulk edge states and one cannot reveal properties 
of the scattering which appear when the Fermi level is close to a bulk Landau 
level. Thus, it is important to carry out calculations for the scattering length for 
transitions between outermost and the innermost quasibulk edge states for an 
arbitrary shape of the confining potential. The efficiency of such an interaction 
is chiefly determined by the form of the edge state spectrum. As it follows from 
the energy and momentum conservation laws, there are two threshold-like points 
on the innermost quasibulk Landau level so that transitions from outermost to 
innermost edge state after emission of acoustic phonons are restricted by the final 
states between of these two points. As we can see below, these states, the velocity 
of which is approximately equal to the sound velocity, play an important role in 
the scattering processes. 

Theoretically, inter-edge-state relaxation has been addressed in several works 
227| , |230| , P31| , |232| , |233|| . Scattering by irregularities of the boundary is discussed 



in Refs. |p30| , p31|| and scattering by delta-function impurities and phonons in 
[^27|, |232| . A two-phonon scattering mechanism has been suggested recently 



[p33|| . Although significant progress has been achieved the problem still cannot 



be considered as solved. Results of Refs. ||230| , P31|| are difficult to compare with 
experiment because little is known about the actual profile of the boundaries. 
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The application of the deha-function impurity model to the GaAs/Gai_a;Al2.As 
heterostructures which have been used in the experiments [222| , |223| , [^24| , |225| , |226 



227| , p2^ , |229|| is somewhat questionable since it is known (c/., e.g., Refs. |p34 



208| , p35|| ) that in these systems at least zero-field scattering is determined by the 



long-range potential fluctuations due to the remote ionized donors. 

One of the aims of the present chapter is to calculate the inter-edge-state 
scattering length due to phonons and impurities under more general assumptions 
than used previously, for realistic models of the electron-phonon and electron- 
impurity interaction and for a realistic confining potential. 

In contrast to the above conventional transport measurement experiments, in 
this chapter we study the inter-edge-state relaxation also in the phonon emission 
experimental technique. The phonon emission or absorption experiments (see 
review papers ||174| , |175|| measure directly the total energy fiux from the 2DEG 
interacting with different phonon modes and, in some cases, are more powerful 
tools to investigate the electron-phonon interaction in the 2DEG systems. The 
basic difference between the conventional energy-loss experiments and the phonon 
emission experiments is that in the latter case, the phonon signal is measured in 
the certain phonon emission angle and at the fixed excitation energy. Therefore, 
to have a knowledge of the frequency and angular distributions of the emitted 
phonon field is very important for the detection of the phonon signal. These dis- 
tributions are determined both by the energy and momentum conservation laws 
during a scattering act. At inter-Landau-state transitions, the phonon emission 
energy is fixed by the cyclotron energy, therefore the angular dependence of the 
emitted phonons remains as the sole important characteristic of emission in this 
case. 

Till recently theoretical investigations of the phonon emission in the 2DEG 
under the quantizing magnetic field have been limited only to the considerations 
of the bulk Landau states which have been the main subject of the previous 
chapter. However, equally with the bulk Landau states, the quantum edge states 
also give contribution to the emission and absorption of ballistic phonons by the 



2DEG. In the recent experiment ||221|| , the absorption of nonequilibrium phonon 
pulses has been already used to investigate a backscattering of electrons between 
edge states on opposite sides of the sample. Possibly, absorption of ballistic 
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acoustic phonons by edge states play an important role in the phonon-drag effect 
in the QHE regime observed in experiments | |236| , |237| |. The frequency spectrum 
and angular distribution of the total energy-loss rate due to LA phonon emission 
have been obtained in a QW ||238|| . 

Electron-optical phonon interaction in a polar semiconductor controls such 
phenomena as the cooling of photoexcited hot carriers on the picosecond time 
scale as well as transport and optical properties at relatively high temperatures. 
To date, however, this aspect of electron-phonon scattering remains the least 
investigated when either the 2DEG or QW subjected to the quantizing mag- 
netic field. The polar optical PO phonon assisted edge state relaxation in the 
2DEG has not been given. Recent studies have been reported for cylindrical 
QWs where the axial magnetic field effect on the electron-PO phonon interac- 



tion has been discussed [p39|| . In rectangular QWs, scattering processes involving 



only one transverse subband have been considered ||24CI|| using the delta-function 
approximation for electron wave functions along the magnetic field [?] . 

The second goal of present chapter is to calculate the ballistic acoustic (both 
deformation and piezoelectric interaction) and polar optical phonon emission by 
quantum edge states. 



This chapter is organized as follows. First in Sec. |5.2| we consider the inter 
edge state relaxation due to electron-phonon and electron impurity interactions. 



Results of this section have been reported in |5l|, |5^. Then in Sees. ^.3| and p^ we 



discuss emission of acoustic and optic phonons by quantum edge states |54, 53 



Sect. |5.2.1| is devoted to the impurity scattering. We use the standard model 
of the heterostructures |241|| which takes into account long-range potential fluc- 
tuations due to the layer of ionized donors as well as short-range fluctuations due 
to the uniformly distributed acceptors. Analytical expressions for the scattering 
length are derived for an arbitrary confining potential. In Sect. p.2.2| phonon 
scattering is discussed. We consider deformation acoustic (DA) and piezoelec- 
tric (PA) interactions and again derive analytical expressions for an arbitrary 
confining potential. As follows from energy and momentum conservation, only 
phonons with frequencies above some threshold can participate in the transitions 
between edge states. As a result, phonon scattering is exponentially suppressed 
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at low temperatures. According to our numerical evaluations, the observed tem- 
perature dependence of the scattering length cannot be attributed to phonon 
scattering. 

The impurity-assisted phonon scattering suggested by Y B Levinson and D 



L Maslov is discussed in Sect. |5.2.3| . The difficulty with the exponential 
suppression of the scattering does not exist in this mechanism, since the impu- 
rity takes up the momentum and thermal phonons are able to participate in the 
process. Thus, one can expect a significant enhancement of the scattering. Ac- 
tually, it is found that impurity-assisted phonon scattering can dominate over 
ordinary phonon scattering only at very low temperatures (in the hundred mK 
range). The temperature dependence associated with this kind of scattering is 
non-exponential: the scattering rate goes like below some crossover point and 
after that like T. A similar temperature dependence has been observed recently 
in the hundred mK range ||225|| . In Sect. |5.2.4| it is found that the experimental 
temperature dependence of the scattering can be explained solely by the ther- 
mal averaging of the long-range impurity scattering rate while short-range and 
phonon scattering play a minor role. 



In the Sec. |5.3.1| an analytic expression for the ballistic acoustic energy flux 
emitted by quantum edge states is derived. Detailed analysis of the phonon 
emission intensity distribution is made in the low and high regimes of electron 
temperature Tg as well as different positions of the Fermi level ep are considered 
in Sec. |5.3.2| . It is shown that at low temperatures the phonon emission is pre- 
dominantly concentrated within a narrow cone around the direction of the edge 
state propagation while at high temperatures — around the magnetic field nor- 
mal to the electron plane. The emission intensity decreases when the Fermi level 



falls down. This diminution is exponential at low temperatures. In Sec. ^.3.3 



phonon emission due to the piezoelectric interaction is discussed. In contrast 
to the case of bulk Landau states where piezoelectric interaction is always sup- 
pressed in comparison with deformation interaction, in the edge state case, the 
relative contributions of the piezoelectric and deformation interactions depend 
on the magnetic field. The angular distribution of emitted phonons is presented 



in Sec. ^.3.4 . 

In Sec. the LO-phonon assisted edge state relaxation is investigated in 
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QWs with rectangular cross sections exposed to the normal magnetic field. The 
energy and momentum relaxation rates for a test electron and electron temper- 
ature are calculated. Detailed result are given for the intrasubband and inter- 
subband scattering rates as a function of the initial electron energy and of the 
magnetic field. By considering different limiting cases of the ratio of the cyclotron 
frequency to the strength of the lateral confinement, it is obtained results for the 
edge state relaxation both in the 2DEG and QW as well as for the magnetic field 
free case. 



5.2 Inter-edge-state relaxation 
5.2.1 Impurity scattering 

Consider a 2DEG in a uniform perpendicular magnetic field B. Let the 2;-axis be 
parallel to the magnetic field and the x-axis be parallel to the sample boundary. 
Positive values of y-coordinate correspond to the interior of the sample. In the 
following we assume that the edge-states are spin-degenerate. 
The wave function and the spectrum of the edge state is 

^„;fc(r) = exp{ikx)xik{y)i^n{z) e^iik) = ei{k) + (5.1) 

Here ei{k) and xik are the energy and wave function of the quantum edge state 
in the plane of electrons specified by the Landau index / and momentum k (Fig. 
|5.1| ). The energy and wave function of the spatial quantazation of the 2DEG are 

En and i)n- 

In the Born approximation one can calculate the elastic scattering length for 
transition / V according to this formula 

-j^ = ^ l'^f'\Qiv?<UU>,, (5.2) 

where < UU >p is the 2D Fourier component of the scattering potential correla- 
tion function taken at the 2DEG plane, p = {px,Py), vi is the group velocity of 
the edge state / and the form factor 

Qu'iPy, k, k') = J dyxi'k'iy)e-'^''xikiy) (5.3) 
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In ( |5.2| ) one should put = Skw = \ki{e) — kit{e)\ with e being the energy of the 
initial state. Here the velocities v and functions x fo^' states / and /' correspond 
to the energy e. Note that Ci^i' = Cii^i. 

We assume that the ionized donors are situated in a narrow layer separated 
from the 2DEG plane by the undoped spacer of the thickness zq. Due to the 
electroneutrality the density of donors (per cm~^) equals Ng + N^, where Ng is 
the density of the 2DEG and is the density of the depletion charge layer on 
the GaAs side, the latter is assumed to be uniformly doped by the acceptors with 
the net density ( per cm^) Nac- Then the correlation function < UU >q can be 
written in the form |241|| 

/ 27re2 \^ 1 
< UU >p= —— [{Ns + Nd) exp(-2pzo) + tt^^c], (5.4) 
Ws{p)pJ 2p 

where e is the lattice dielectric constant taken to be the same for GaAs and 
GaAlAs, €s{p) = 1 + Qs/p is the dielectric function of the 2DEG, qs is the screen- 
ing parameter. To determine in a quantizing magnetic field constitutes a 
special problem, and we will discuss it later (Sect. |5.2.4| ). The first term in ( |5.4| ) 
corresponds to the long-range part of the scattering, while the second does to the 
short-range part. 

For the long-range scattering one can proceed further assuming that Sku/Zo S> 
1. In this case only small values of Py ^ (Sku' / zqY^"^ contribute to the integral 
( |5.2|) . Using this simplification one can calculate the scattering length due to the 
long-range potential 

-J— = -^exp{-26kii'Zo)Al,, (5.5) 
where Aui = Qui (0) and the nominal scattering length is defined as 

1/2 



1- = 27r3/2 



(Ns + N,)--^-— r-^] . (5.6) 



{5ku> + QsY \ Zq 

Note that due to the small factor exp(— 25/cz/'2;o) in (|5.5|), scattering can be 
strongly suppressed compared to the case of zero magnetic field. It can happen 
even in the case when the spatial separation between edge channels ^yiy = a'^^Skw, 
where is the magnetic length, is not large compared to a^. For the short- 
range scattering Eq. ( ^.2|) cannot be reduced to a more simple form without any 
assumption on the confining potential. 
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Now we consider the case of the smooth potential V{y), with V'{y)aB ^ hus- 
In this case 

xikiy) = Hy - kal), (5.7) 
£ik =ei + V{kal), 

where is the harmonic oscillator wave function. In the smooth potential the 
overlap integral ( |5.3| ) can be calculated explicitly. Using ( |5r7| ) we have 

Al, = (2'+''/!/'!)- V2'+2'' exp(-aV2), (5.8) 

where a = {Syu/faB)'^ ^ 1. The short-range scattering length Cf_^i, becomes 

2ne^ 



(2 



"1/2 



,_Al- (5.9) 



aBSkii>{5kii' + qsf 



The group velocity in the smooth potential is 

vik = alV'{kal). (5.10) 



It follows from ( p.8D that in the smooth potential the dominant transitions are 
l^l + l. 

The inverse scattering lengths ( ^.5|) , (|5.9|) are to be averaged near the Fermi 
energy 

1 \ 1 . ,5.11) 



where /o is the equilibrium Fermi distribution. Averaging ( |5.11| ) plays a minor 



role for the impurity scattering of free electrons when T <^ ep and reduces usually 
to the substitution e = ep in scattering lengths. However, for inter-edge-state 
relaxation, the averaging ( ^.11| ) results in a pronounced temperature dependence 
appearing in a comparatively low temperature range. This can be seen from the 
following arguments. When integrating in ( p. 11] ), each value of e corresponds to 



some value of 6kii'{e) entering scattering lengths (|5.5| ), (|5.9| ). The gap between 
any two branches of the spectrum corresponding to different Landau levels, say 
Elk and Ei'k decreases as A; — > oo. This means that 5kui{e) decreases with e 
(cf. Fig. |5.1| ). Therefore, the main contribution to ( [5.11| ) stems from e ~ e^r -|- 

T or 5kiii{e) = 5kiii{eF) + Shv'['/T where Svw''^ = \v^^ — vf^\. Due to the 
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exponential factors in ( ^.51) and ( p.9|) , corrections to dkw can become significant 
even if Shvw'^T <^ Skiii{€p). 

If the confining potential is smooth, the temperature dependence is deter- 
mined mainly by the Syw dependence of the overlap integral (|5.8|) . The onset 
temperature is 

Ti ^ " (5.12) 

For smooth potentials Ti <^ hujB, while in the typical experimental conditions 
huB — Sp- However, even if V{y) is not smooth, the long-range scattering length 
( |5.5| ) can strongly depend on T due to the exponential factor containing thickness 
of the spacer zq. The onset temperature for this kind of dependence is 

T, = M!^. (5.13) 

Again, if the impurity potential is smooth, i.e. zq 3> a^, then T2 -C Hub- Results 
of the numerical calculation of ( p.ll| ) will be given in Sect. p. 2. 4 . 



To learn what is the dominant mechanism of impurity scattering,, it is suffi- 
cient to put all of the characteristic lengths entering the pre-exponential factors 
in (|5.5|) and (|5.9| ) to be the same: aB = Zq = kp^ = qj^ = k~^ and = Ng = k'^. 



Comparing (5.5) and (5.£) one can see that the long-range scattering dominates. 



if the thickness of the spacer zq is less than 

^o = ^ln^. (5.14) 

2dkii> Mac 

For instance, taking ku/ = 1.5/aB at B = 2 T, k~^ = 10 nm and Nac = 10^^ 
cm~^ we get Zq ^ 60 nm. 



5.2.2 Acoustic phonon scattering 

The scattering length due to phonon scattering is 

1 _ 271 



'T.T.[\Mtklvk'?5{ei, - e,u' - hu;,){N^ + 1)(1 - fo{e,k')) + (5.15) 



k' q 



\Mii.Zi'^,\ S{eik - svk' + Tiujq)N^{l - fo{evk'))\, 

where q is the phonon wavevector, ujq = sq, with s being the sound velocity, 
and foie) are the equilibrium Bose and Fermi distributions, respectively. 
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The emission matrix element M^^^i^ is calculated with the phonon pertur- 
bation potential | |136| ] 

W^{v) = B{q)e-''^\ (5.16) 

where for the deformation potential scattering (DA), B^"^ is given by Eq. (??) 
while for the piezoacoustic scattering (PA) 

Here Li^ is the normalization volume, (3 is an effective piezoelectric modulus, p is 
the crystal mass density. For absorption processes W~ = (W~^)*. 

Since s -C vi,vi', the scattering is quasielastic, i.e., the energy of the emitted 
or absorbed phonons hujq <^ Hub- Hence, in the transition / —>■ I' (cf. Fig. |5.1| ) 
the change of k is Sku/. The minimal energy of the phonon is Aui = hsSkui. In 
the following we consider low temperatures T ^ Aui. In this case, due to the 
phonon Bose factor and the Pauli exclusion principle, the phonon energy huq is 
close to the threshold A;;,. As a result the calculations of the scattering length 
is greatly simplified. In the Born approximation we get for DA scattering 

1 - Al.^TF(i^,^), (5,18) 



(5,19) 



Ci^n' 2nhps'^ hviVii \ T T 

where 

F(e,r7) = (l/2)[ln(l+exp(e-r/) + exp(e) ln(l + exp(-er7)] 

The velocity vii and function xv of the final state correspond to the energy of 
this state e = e'. Equation ( |5.18| ) is vahd if exp(e — ep — Aui/T) <^ exp^Aui /T) 
or, in other words, if |e — e^l < Aw and if e — ep — Aw ^ Aur. In the first case 
huj — All' ~ T, while in the second case hu — A^ c:^ s — sp — An/. It has been 
also assumed that T ^ ms^ and Aw ^ hs/d, where d is the scale of the electron 
wave function tp{z). For GaAs/AlGaAs heterostructure d = 3 nm, s = 5 x 10^ 
m s~^, ms^ = 0.1 K and hs/d = 13 K. Taking dkui = a^^, we have for B = 2 T: 



= 18 nm. Aw = 2 K and Hub = 39 K. The inverse scattering length (|5.1 



is to be averaged near Fermi energy according to ( |5.11| ). Since the function F 
grows exponentially with e — ep for e — ep > 0, the average value is rather due 
to hot electrons {s — ep ~ Aw ^ T) than to thermal ones {s — ep ~ T). Until 
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All' ^ ^^B, one can put e = ep. With the above mentioned assumptions for DA 
scattering we get 

^ ^ ^ Al,{6ku,aB)'^exp(-^]. (5.20) 



. ^l^n' I DA ^DA ViVv \ T 

For piezoelectric PA scattering calculations are similar: 

^ ^ ^ Al{5hvaB)^exv{-^]. (5.21) 



(5.22) 
(5.23) 



l^n' I PA '-PA ViVv \ 1 

Here we defined nominal scattering lengths 

1 _ 5^ 

Cda 4:nhps^a^^' 

£pA 4:TThps^aB 

For GaAs at i? = 2 T we have (rD^)^ = 800 ps and {tpaJb = 75 ps (S^ and 
taken from Ref. ||136|| ). The exponential suppression of the scattering rate is 

because of the deficit of the superthermal phonons for absorption and deficit of 

the free final states below ep for emission. 

To consider the case of the smooth potential one has to substitute Eq. (|5.8| ) for 

All, into (pOD and (|53lD . Comparing (^1201) or (^1211) with Eq. (7) in Ref. p32 



one can see that the corresponding equations agree only in the exponential factors 
from the overlap integral and from the deficit of the final states. 

The results presented above are valid provided that the chemical potential 
difference |Ayu| between edge levels is small compared to temperature. If this 
condition is not satisfied, then Eqs. ( |5.20| ) and ( |5.21| ) should be multiplied by the 
additional factor exp(|yu|/T) ||233||. 



5.2.3 Impurity-assisted phonon scattering 

According to Eqs. (|5.20| ) and (|5.21|) , phonon scattering is strongly suppressed at 
T <^ All! due to the exponential factors. The origin of the threshold An/ entering 
this factors is momentum conservation. If one considers a three-body collision, 
namely, impurity-assisted phonon scattering, the momentum 6kii/ is taken up by 
the impurity, and no exponential suppression of the scattering appears. 
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The matrix element of the impurity-assisted transition of the electron from 
state (n.k) to the state {l',k') accompanied by the emission of a phonon with 
momentum q can be written in the form 

, , _ < l'k'q\U\l"k"q X l"k"q\W\nk > 

l'k'q\W\r'k" >< l"k"\U\nk > 



£ik - £i"k" + il 

where I/27 is the decay time of the intermediate state {l",k") due to all pos- 
sible scattering processes. The absorption matrix element Mj].'^i,f^, is obtained 
in a similar way. The calculations in (|5.24|) are greatly simplified by using the 
arguments given below. 

Although the summation in ( |5.24|) is presumed to be over all intermediate 
values of I", the main contribution to ( [5.24{ ) comes from the transition / = /" 
corresponding to the smallest value of the denominator. In the first term of 
(|5.24|) k" = k — q^i in the second k" = k + q^, thus, in general, the impurity 
first-order matrix elements < ...|f/|... > entering ( |5.24|) depends on q^. But, if 
qx is small enough, one can neglect it in < ...|f/|... >. The condition for this 
simplification is different for short- and long-range impurity potentials. For the 
former case this condition is 

< 5kw, (5.25) 



while for the latter 



If 



and 



q.zo < 1. (5.26) 
maxlq^aB, kq^a^^} 1 (5-27) 
qyttB < 1 (5.28) 



one can put the overlap integrals (|5.3| ) stemming from the first-order phonon 
matrix elements to be equal to unity. When substituting ( |5.24|) into (|5.15| ), it 
is convenient to express < ...|f/|... > through the first-order impurity scattering 
length Cl_^i, calculated in Sect. [5.2.1| (c/. Eq. (|5.2| )). This can be done by using 
the relation 

^ ^ ■ < l'k'\U\lk >2 . (5.29) 
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Using (|5.16|) and (??), we have for DA phonon scattering after some manipula- 
tions 

' d^qq\a+ + a~\^[{N, + l){l-fo{e-nujg))+ (5.30) 



Ci^l' 2{2'kY C\^i, hps 

where = {viqx — sq + i'j)"^ and a~ = {qs — Viiqx + Eq. ( |5.30| ) includes 

contributions from two types of transitions: from real and from virtual ones 
[|136|| . For real transitions the energy conservation takes place: ei/'k" = Sik- These 
transitions can be imagined as proceeding through the successive scatterings — 
first, by impurities and, second, by phonons or vice versa — and are not of interest 
here. The contribution of the real transitions to ( [5. 30] ) comes from the terms 
|a^P which reduce to the ^-functions reflecting energy conservation at 7 ^ +0. 
Hence, these terms should be omitted. The true second-order transitions proceed 
through the virtual states with ein^n ^ eik- Virtual transitions are related to the 
terms a"'"(a~)* + c.c. The principal value of the integral over dQg is 

J = v.p. I dn^ (a+(a-)* + c.c.) = In {\^\^\ , (5-31) 

where x = s/vi, x' = s/vii. As in the Sect. p.2.2| , we assume that s -C vi^vii. 
Then ( |5.31|) reduces to J = j {yiVii q^) . Finally, substituting (|5.31|) into (|5.30| ) 
and integrating over dq, we have 

1 1 ^ f e — ef' 



^ , (5.32) 



where 



TT 



*-DA n ps n s 



(5.33) 



and 

^x)= / dyy{{N{y) + l){l-My-x)) + N{y){l-fo{y + x))). (5.34) 
Jo 

To make the conditions ( ^.26|) -( p.28|) more explicit we assume that the con- 
fining potential is not smooth, i.e. 6k ~ a^^, k ~ a^^ and vi ~ vi'. One can 
see that the main contribution to ( |5.32|) comes from q c:^ qy c:^ q^ c:^ q^ = T/hs 
and q^ ~ qxs/vi. Then, instead of ( |5.26D -( ^T^BD , we have T <^ hs/as, if the 
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short-range impurity scattering dominates, and T ^ min{hs/aB,fiVi/zQ}, if the 
long-range one does. 

For PA scattering the calculations proceed in a quite similar way up to the 
integration over dq. At this point we faced the problem: if B^'^i^q) is taken in 
the form ( |5.17|) , the integral over dq diverges at g ^ as / dq/q^. Since PA 
interaction is interaction of an electron with the electrostatic potential induced 
by the phonon waves, the divergence at g ^ means that the screening of 
this interaction by free electrons has not been taken into account. In our case 
the screening problem is somewhat specific, since we must take into account 
the screening of three-dimensional phonons by two-dimensional electrons. The 
solution of this problem is given in the Appendix ??. The result is quite obvious: 
B^^{q) entering ( |5.1(j| ) and given by ( |5.17| ) should be replaced by B^'^i^q) / es{q\\) 
where q\\ is the component of the phonon vector parallel to the 2DEG plane. The 
remaining calculations are straightforward. Explicit results can be obtained in 
two limiting cases: ^ Qs or qx ^ Qs- In the former case 



W T ^= (5,35) 



Ci^i> An^ CpA \ fisqsj vivv \ T 

In the latter 



1 2 1 T 



where 



1 1 {ePY 



(5.36) 



(5.37) 



Averaging of the inverse scattering lengths (|5.32| ) and (|5.35| ) according to Eq. (|5.11|) 
reduces to the averaging of function $(a;). Numerical calculation gives ($) ~ 5.2. 



5.2.4 Discussion 



As far as we are aware, the temperature dependence of the inter-edge-state relax- 
ation rate has been measured only in three works ||229| , 225, 7H\. Measurements 



in Ref. ||229|| were carried out only at two values of temperature. High magnetic 
fields and low temperatures were used in Ref. [|225|| and, as a result, spin-splitting 
of the edge states was observed. Thus, results of Ref. 



^25|| cannot be com- 
pared directly to the present theory because we assume that the edge states are 
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spin-degenerate. Fortunately, the experimental conditions of Ref. | 227 |, lower 
magnetic fields, higher temperatures, and the Fermi level lying far away from the 
adjacent Landau levels, allow us to make such a comparison. To obtain some nu- 
merical evaluations using the results of Sees. |5.2.1[ - ^.2.3| one needs to choose the 
confining potential V{y) in some specific form. Ab initio calculation ofV{y) con- 
stitutes a very complicated problem and is beyond the framework of the present 
work. We take V{y) in the model form 

V{y) = Voexp (-^) (5.38) 



where Vq and are free parameters to be determined from the fit to the experi- 
mental data. To make our heterostructure model consistent with the experimen- 
tal value of the zero- field mobility we found it necessary to consider the spacer 
thickness zq as free parameter also. 

Another subtle question is the choice of the screening parameter entering 
the expressions for impurity scattering length ( |5.5|) and (|5.9|) and for impurity- 
assisted phonon scattering length ( |5.35| ) and ( p.36| ). For impurity-assisted phonon 
scattering we assume that <^ a']^. If the confining potential is not smooth, 
the edge states are located at the distance y '2=l as near the sample boundary. 
For typical experimental conditions, the width of the sample channel is much 
larger than y. This means that the screening of the electron-phonon interaction 
potential is provided rather by the wide domain of bulk electrons filling the 
Landau levels than by the narrow strips of width y where the electrons filling the 
edge states are situated. Thus, to learn what is entering Eqs. (|5.35|) and (|5.36| ) 
one can consider the infinite 2DEG in a quantizing magnetic field. The screening 
problem for these conditions is very complicated and is not well understood. It 
is known |242|| that in a quantizing magnetic field the usual Thomas-Fermi 
expression connecting with the density of states (DOS) at the Fermi level 
holds 

27re2 

qs = —^^F, (5.39) 

but vp differs from the DOS for zero- field case z/^. At T = and in the ab- 
sence of any scattering, vp is a sum of (5-functions centered at Landau levels. If 
a short-range scattering is taken into account, then each 5-function is smoothed 
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and becomes Gaussian-shaped |^ |242|| . In this case is extremely small com- 
pared with Up unless the Fermi level is very close to one of the adjacent Landau 
levels. As a result, for short-range scattering, screening is very weak. How- 



ever, as was shown in a number of experimental works |p43| , p44| , |245| , |246|| , the 
observed behavior up has no relation to the theory that assumes short-range scat- 
tering. For GaAs/GaAlAs heterostructures the value of up in the center of the 
gap between two Landau levels where DOS has its minimum was found to be 
(0.1 - 0.2) X z/^ [HI, HH, HI]. Such high values of DOS unequivocally point at 
the long-range character of the scattering, as was confirmed also by independent 
experiments on the determination of the quantum decay lifetime and its compar- 
ison with the transport time entering the mobility [^U^, [^35|| . Unfortunately, no 
quantitative theory for DOS under the long-range scattering conditions exists at 
present. This is why to estimate roughly entering (|5.35|) and ( |5.36|) we use the 
above-mentioned experimental values of up in ( p.39| ). 

For impurity scattering the momentum transfer is 6kiii. If the potential is not 
smooth, 5kfi,^ c::^ aB — y. Thus, the screening of electron- impurity interaction is 
provided by the same electrons that fill the edge states. The proper accounting 
of the screening in this situation constitutes a very complicated problem We do 
not know the solution of this problem. Nevertheless, one can assume that the 
screening properties of edge states do not differ drastically from those of the 
2DEG without the magnetic field. This assumption is based on the fact that the 
specific features of the screening by Landau electrons are caused by the gaps in 
the DOS, while the DOS of edge states is gapless. Thus, to estimate roughly 
entering Eqs. (|5.5|) and ( p.9|) we use in instead of up in ( p.39|) . 

According to the results of numerical calculations, the main contribution to 
the total inverse scattering lengths due to phonons (Eqs. (^.20|) and (|5.21|) ) and 
impurities (Eqs. ( |5.5| )and (|5.9|) averaged according to Eq. ( ^.11|) ) is given by 
the long-range impurity scattering. The scattering rates due to the short-range 
impurities and both the DA and PA phonons underestimate the experimental 
data, taken from Ref. [ ^27| j and corresponding to the transition ^ 1 at i? = 
3.7 T, by at least a factor of 50. According to calculations by Komiyama et 



al. 1 227 1 , phonon scattering dominates while impurity scattering plays a minor 
role. Thus, using a more realistic model than the delta-function impurity model 
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used in Ref. [ 227 | leads to different conclusions. One can note also that the DA 
phonon scattering length estimated in Ref. ||232|| is much shorter than ours. The 
reason of the difference is mainly attributed to the another choice of the electron- 
phonon interaction constant. The constant used in Ref. |p32|| is not related to 
the deformation potential constant S. 

The contribution of the impurity-assisted phonon scattering essentially de- 
pends on temperature. The impurity-assisted phonon scattering lengths ( |5.32| ), 
( |5.35|) and (|5.36|) do not contain the small exponential factors that the first- 
order scattering lengths (|5.20 ) and ( 5.21| ) do, since only thermal phonons are 
involved in the process. However, there are two other reasons that do not al- 
low the impurity-assisted phonon scattering rate to be very high. Firstly, it is 
a second-order process: the scattering rate is proportional to the product of the 
electron-impurity and of the electron-phonon interaction constants. Secondly, 
the phase volume of the thermal phonons is lower than the phase volume of the 
superthermal phonons involved in the first-order scattering. As a result, gaining 
in the exponent we yield the smaller pre-factors than before. The impurity- 
assisted phonon scattering rate exceeds the first-order one if the temperature is 
low enough, so that the exponential factors in (|5.20|) , ( |5.21|) become very small. 
Using the list of parameters corresponding to the experiment ||227|| and taking 
Up = O.lup to estimate the screening parameter entering Eqs. ( |5.35| ) and ( |5.36| ), 
one can see that the impurity-assisted scattering is stronger than the first-order 
phonon scattering if T^T^a ~ 0.4 K for DA interaction and at T<TpA ~ 0.5 K 



for PA interaction, while the measurements in Ref. ||227|| were carried out at signif- 
icantly higher temperatures (T = 1.5 — 12 K). Since, according to the calculations, 
even the DA and PA scattering is much weaker than the impurity scattering at 
these temperatures we did not consider the impurity-assisted phonon scatter- 
ing when comparing to the results of Ref. P27|| . However, at lower temperatures: 
T < mm(Ti, T2, Tda, Tpa), where Ti and T2 are defined by Eqs. ( |5.12|) and ( |5.13| ) 
respectively, the impurity-assisted phonon scattering can dominate. The temper- 
ature dependence similar to that given by Eqs. ( |5.32| )-( |0^ ) has been observed 
recently in Ref. ||225|| , although one must bear in mind that present theory cannot 
be applied directly to this experiment (c/. beginning of the present section). 
The strong suppression of the inter-edge-state relaxation scattering compared 
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to the zero-field case was observed in the majority of the experiments . For 
example, in Ref. ||227 | the zero-field transport scattering length is 4.3 /im while at 
T = 1.5 K the inter-edge-relaxation length is 500 /im. Usually this suppression 
is attributed to the smoothness of the confining potential and, consequently, 
to the exponential smallness of the overlap integrals. On the other hand, the 
potential ( p. 381 ) with the parameter values given above cannot be considered as 
being smooth, but we also have strong suppression of the scattering. According 
to our calculations, the suppression is caused mainly by the exponential smallness 
of the correlation function (|5.4| ) and not by the smallness of the overlap integrals. 
As has been shown in Refs. [ p47|| , V{y) decreases as 1/y at ?/ >> a^, where is 
the width of the depletion region. 

In order to avoid the contradiction with Refs. ||247 | we have to assume that 
Eq. (|5.38|) is referred to the intermediate region where the confining potential 
changes drastically whereas long-decaying tail of V{y) is described by asymptotic 



law obtained in Refs. ||247|| . However, as follows from the comparison with the 
experiment, edge channels are situated in the intermediate region where presence 
of the long-decaying tail is of minor importance. Notice that recent study of the 
inter edge relaxation due to the multiple impurity scattering by Martin and Feng 
[ p48|| similarly shows that the impurity assisted scattering gives rise to the linear 
temperature dependence. 



5.3 Phonon Emission by Quantum Edge States 

5.3.1 Acoustic energy flux: Deformation Potential 

When the 2DEG is embedded in an elastic medium and the phonon displacement 
is caused by the deformation electron-phonon interaction then the spectral density 
of the acoustic energy flux Va in a point ro and at a frequency u is given by 
Eq. (^4.22|) . To obtain Va explicitly it is necessary to calculate the correlator of the 
phonon field operators Ka/3{r, r') =< -u* (r)'U^(r') >^ which can be represented in 
the form ( [4.28[ ). If do not take into account the phonon reflection from interfaces 
separating different materials then it follows from Eq. ( [4. 341 ) that the following 
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function should be used as a kernel of the correlator ( 4.28 ): 

Dl{ro, ri I uj)Dairo, r2 \ uj) = ^ exp[-zq(r2 - ri)] (5.40) 

where p is the mass density of the elastic medium, s and q = nu/s are the 
velocity and momentum of LA-phonons. It is clear from experimental situation 
that the acoustic energy flux emitted from the 2DEG located near one side of the 
sample is detected in an infinitely distant point on the reverse side of the sample. 
Therefore, in obtaining the kernel (|5.4CI|) we have assumed fq — > noo, n is an 
unit vector towards the detector. This kernel is averaged in (|4.28|) by electron 
wave functions. In this case e and \1/ represent, respectively, the electron energy 
and wave function for edge states. We assume that all electrons occupy a single 
level n of the spatial quantization and the electron transitions take place between 
edge states with different Landau index / and momentum k. Substituting Eqs. 
( |5.1|) and ( p.4(]| ) into Eq. ( [4.28|) we obtain the acoustic energy flux density in a 
frequency range du emitted from an unit length (towards x) of the 2DEG into a 
solid angle do around the direction of n 

VPJM) = o ff. /(^Kfco))(l-/(gr(A;o + g.)))|Qz.(g:.,g.)lVoofe)P (5.41) 
where the form factors in directions y and z are 



Qii'{qx,qy) = J dyxikoiy)e Xv k^+qAv) (5-42) 

and 

Inniqz) = I dz\M^)fe-'''^' (5.43) 

Notice that the confining potential in the plane of the 2DEG violate the axial 
symmetry of the magnetic field so that the form factor ( p.42| ) depends on the 
momenta and qy apart. In Eq. (|5.41|) dvw = \vi{kQ) — Vi'{ko + qx)\, Vi{k) is the 
group velocity of the edge state / with the momentum /c, ko = ko{q) is determined 
from the energy and momentum (in the x-direction) conservation laws, i. e. from 
the following equation 

ei{k) - ev{k + g,.) =u = s^ql + ql + ql (5.44) 

Actually, despite lack of the momentum conservation in y- and z-directions, the 
phonon momentum q uniquely determines the initial /, A;o(q) and final A;o(q)+'?2: 



CHAPTER 5. EDGE STATE SCATTERING 



148 



edge states in an act of the phonon emission. Thus, equation ( p.41j ) gives the 
distribution of the emission intensity in phonon momenta. 

5.3.2 Low and High Temperature Regimes 

In this section we will discuss the situation in low and high temperature regimes in 
which the emission is qualitatively different. From Eq. (|5.44|) one can see that for 



a given k, cannot be less than some value Skii>{k) determined from Eq. (|5.44|) at 
% = Qz = 0. Hence, only phonons with frequencies u > s6kii'{k) can be emitted 
from the edge state /, k. On the other hand, the effectiveness of each emission act 
depends on the position of the Fermi level and electron temperature. Due to the 
deficit of the hot electrons with energies above ei{ki) = Sp + s5kui{ki) and deficit 
of the free final states with energies below eii{k2 + s6kii'{k2)) = ep — s5kui{k2), 
emission acts from states Z, k with k between ki and ^2 are comparatively more 
efficient (see Fig. (p.l|)(a)). The energy spectrum of the edge states is arranged 
so that for a fixed energy level we always have vi > Vf if / < /'. Therefore 6kiir{k) 
achieves its minimum 6kiir = 6kiir{ki) at upper edge of the interval (fci, ^2) . Thus 
from the Fermi factors as well as form factors ( ^.42|) and ( |5.43|) we have following 
obvious restrictions on the emission processes: 

IQx - Skii'l <Te/s, \qy\ < min{a]^'^,Tjs}, < mm{d"\ Tg/s}, (5.45) 

where is the magnetic length, d is the characteristic length of electron motion 
in z-direction. (So far as the electron transitions take place between edge states 
of one spatial quantization, d is the minimum length scale of the problem). Here 
q^j. is not a free parameter but it should firstly satisfy the momentum conservation 
in the x-direction. 

At low temperatures, Tg ^ sSkw , we have q^ ~ Skw, qz ~ Tf./s. If the 
confining potential is not smooth, 5kiii ~ ^ T^/s, so that qy ~ Tg/s and 
^ %■ In the case of the smooth potential Skui ^ a^^ so that T^/s and a]^ 
can be of the same order of magnitude. But in any case, the relation ^ qy 
remains true. Thus at low temperatures q^ ^ lyAz^ i-G- phonons are mainly 
emitted in x-direction. Therefore one can substitute qx = Skw and qy = qz = 
in the prefactor of ( p.41[ ) and form factors ( p.42[ ), ( |5.43| ). Taking into account 
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that /nn(0) = 1, one can find for tlie acoustic energy flux distribution in the 
momentum space 



^F-i' (q) = o^.JL Qw 0) exp .J 



+ 

(q^ — Skill) H — ^ ^- ^ 



(5.46) 

where Svui = Svw at = fci and = Skw. In the case of the non-smooth 
potential we have only one length scale as in the (x,?/)-plane and so Q/// ~ 1 if 
Qy ~ '^B^- case of the smooth potential, Qw can be calculated explicitly 



223|| and is given by 

Ql,{q,, 0) = {2^+'ni'\)-\q,aBf+'' exp{-{q,aBf /2}. (5.47) 

Now one can see that at low temperatures electrons at inter-edge-state transitions 
emit almost monochromatic acoustic phonons with frequencies uj ^ sdkui. The 
emission predominantly concentrated within a narrow cone around the edge state 
propagation. The emission intensity exponentially drops out of the cone. For the 
non-smooth potential, the emission cone is isotropic in the (y, z)-plane and the 



cone angle is determined by the length scales ydkn'Te/s in x-direction (in the 
case of the smooth potential also by the length scale maa;{a^^, J 5ku'T^/ s} in the 



y-direction) and ySku/Te/s in z-direction. A momentum spread in x-direction 
is Aqx = qx — Skw ~ Tg/s. It should be noticed that only a part of states 
from the interval between ki and k2 gives an essential contribution to the phonon 
emission processes. When k varies in this interval (see Fig. 6kii/{k) is changed 
by 6kiiis6viii /viVi' which is much less than Skw even if 6viii ~ vi,vi'. However, 
only states l,k for which s6kiir{k)s6viir /viVi' ~ Te, are effective in the emission 
processes. Because of the velocity asymmetry vi > vu if / < /', the number 
of these states decreases when the Fermi level falls down. Simultaneously 6kiir 
increases which leads to the suppression of the phonon emission ( cf. p29|| ) . If the 
Fermi level is very close to the topmost bulk Landau level (Fig. |5.1| (b)), vi' ~ s 
and 6viii ~ vi so that s6kii'{k) is changed by s5kui s5vui / vivii ~ s5kui ^ Te in the 
interval (fci, ^2). Therefore the main contribution to the phonon emission comes 
from the single edge state Z, k^ where k^. is defined from vii{k^ = s. The emission 
processes from states lying below kc are forbidden by conservation laws, while 
from states above k^. due to the strong deficit of the hot electrons. Such critical 
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point kc exists only for transitions / — /' with I < I'. In the case oil > V there is 
no critical points in the edge state spectrum and it is possible smooth transition 
to the case of the phonon emission from the bulk Landau levels |^5], |50|, . 



Because of dkui for / > /' is always more than for I < I', there is an asymmetry 
between emission processes I —>■ I' and V ^ I. This asymmetry depends on the 
Fermi level position and is pronounced when the Fermi level is close to the bulk 
Landau level: Vi^ii ^ Vii^i iil > V . 

At high temperatures, Te ^ sSkw , the states, which are more efficient 
in the emission processes, are disposed above and below the Fermi level at the 
separation of the order of T^. Therefore it is clear that qx ~ Skw and qy ~ Oj^ 
are determined, respectively, only by the momentum conservation and by the 
magnetic length according to ( ^.45|) . Correlation between q^ and qy is determined 
by the shape of the confining potential just as at the low temperatures. In z- 
direction we have qz ~ min{d~^ ,Te/ s} so that the relation ^ Qxiqy takes 
place for any d and Te as well as for any shape of the confining potential. Thus 
in contrast to the low temperature regime, at high temperatures the phonon 
emission is concentrated within a narrow cone around magnetic field normal to 
the plane of the 2DEG. Using the variation wave function for the lowest subband 
n = we have |/ooP = [1 + {izdYY^ ■ Taking into account that in this regime 
/(^/(^o))(l~/(^/'(^o + Q'x))) ~ exp{— sg^/Te} we obtain for the emission intensity 

P£l= „!\! 5"''--?' «=xp{-^|. (5.48) 



By comparing Eqs. ( |5.46| ) and ( |5.48|) one may see that at low temperatures the 
phonon emission is exponentially suppressed. At high temperatures electrons 
emit phonons with frequencies a; ~ Tg and the emission is much intense than at 
low temperatures when uj ~ sdkui ^ Tg. In the high temperature regime, phonon 
emission is not so sensible with respect to the Fermi level position. 
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5.3.3 Acoustic Phonon Emission: Piezoelectric Potential 

Up to now we considered only the deformation electron-phonon interaction. Di- 
rect calculation shows that to find the phonon emission intensity due to the piezo- 
electric coupling it should be done the following replacement in Eq. ( |5.41|) : 



- {epr (5.49) 



where P is the piezoelectric modulus of the crystal averaged over directions of a 
phonon propagation and its polarizations |p49| , |250|| . Therefore, taking the values 



of H and P from ||136|| , for GaAs we find 



_ _ ^5.6-|„,,„-.|y^ (5,50) 



V^^ (e/3)2 V ■ s 
At low temperatures uj ~ sdkui. Therefore for the non-smooth confining potential 

V^^ ( 5.6 y B[T] 



\aB\nm] 20.9 



(5.51) 



and DA interaction is suppressed with respect to PA interaction for not so high 
magnetic fields. In the case of the smooth potential 



B[T] (5.52) 



and because of SkwaB ^ 1, even at i? ~ IT, the DA and PA interaction give 
roughly the same contribution to the phonon emission. 
At high temperatures we have a; ~ Tg so that 



V^^ \ 6.9 



(5.53) 



i. e. at actual temperatures Tg ~ 10 K, contributions of the DA and PA interaction 
are approximately of the same order of magnitude. 

To compare the contributions of edge and bulk Landau states to the phonon 
emission from the 2DEG one has to average Eq. (|5.41|) in /cq aiid to make a 



substitution 7r5(- ■ ■) — > r in Eq. 8 of Ref. 20 where r determines the Landau 
level broadening. Proceed in this way, in the high temperature regime one may 
obtain for magnetic fields ujb ~ T^ and for 5viii ~ Vi,vi', even in heterojunctions 
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not so high quahty with the mobihty /i = 10 V^^ s^^, the contribution of the 
edge states to the coohng of the 2DEG at least is not less than the contribution 
of the bulk Landau states. In the regime of low temperatures, because of ^ 
sSkii' ^ Te, it is clear that the phonon emission is only due to inter-edge-state 
transitions while the emission is practically absent at electron transitions between 
bulk Landau states. 



5.3.4 Angular distribution of emitted acoustic phonons 

In this section we estimate the acoustic energy flux power emitted by the edge 
states at the peak of emission for the case of the non-smooth confining potential. 
In the low temperature regime the emission goes mainly via piezoelectric coupling. 
At the peak of emission, = Skw and Qy = Qz = 0. Therefore, the emission 
intensity at the emission peak can be represented in the form 

{2ny TpA ovw \Pb J V / 



where the nominal time of the piezoelectric interaction is defined as 

1 {e(3rpB 



(5.55) 



and Pb = = tuvb is the magnetic momentum. For GaAs we have ms = 
3.1 ■ 10^^*^ J s m~^ and at -B = 2 T, tpa = 36.4 ps. Taking 6vio = vb and 
SkiQ = Pb we have s6kiQ = 2.2 K for 5 = 2 T so that at Tg = 0.5 K we obtain 
P(f^ = 3.1 ■ 10^^^ W s m^^ for the electron transitions between / = 1 and / = 
edge states. For the emission cone angle we find 9 = tan^^ q^/ + = 25° 



(see Fig. 5.2 



At high temperatures P^^/ and P/j^/ can be represented in the forms 

« = 7^^^ i — V (5-56) 
where the nominal time of the interaction is defined as 
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Figure 5.2: Emission intensity distribution (piezoelectric interaction) in phonon 
momenta at low temperatures Tg ^ hufh = sqth = s6kiQ and for the non-smooth 
confining potential. 



and 



(27r)2 TpA Svw \ spB J [1 + ?72a;2]3 

Here x = and rj = -^jj^- The emission peaks in this temperature regime are 
defined from conditions that the last factor in Eqs. ( |5.56| ) and ( p.58| ) should be 



maximum. For the GaAs/AlGaAs heteroj unction d = 3 nm, s = 5 ■ 10^ m s~^ 
and so hs / d = 13 K. Taking T = 10 K we obtain that the emission peaks for DA 
and PA interaction are determined, respectively, from x = 1.21 and x = 0.85. 
This means that at the emission peak, frequencies of phonons emitted due to 
the deformation coupling are approximately 1.4 times larger than frequencies of 
phonons emitted due to the piezoelectric coupling. At 5 = 2 T we have tda = 382 
ps so that taking again ^-uio = vb we obtain Vq^ = 1.03 ■ 10"^^ for the electron 
transitions between edge states / = 1 and / = 0. W s m~^ and Vq^ = 0.53 ■ 10~^^ 



W s m ^. For the emission cone angle we find 9 = tan ^g^/ y + Qy = 10° for 
DA phonons (see Fig. |5.3| ) and 6 = 14° for PA phonons (see Fig. 
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Figure 5.3: Emission intensity distribution (deformation interaction) in phonon 
momenta at high temperatures Tg ^ fiuJth = sqth = sSkiQ and for the non-smooth 
confining potential 

It should be observed that in the smooth confining potential, phonon emission 
is suppressed exponentially. At low temperatures suppression takes place for two 
reasons. First, because of the threshold nature of emission, electrons are forced to 
emit phonons with frequencies larger than Uth = s5kw ^ sps- Second, because of 
the exponential smallness of the overlap integral Qw. While at high temperatures 
suppression takes place only for the last reason. 

5.4 LO-phonon assisted edge state relaxation 

5.4.1 Inter edge state transition probability 

In this section we consider the edge states in the z = plane created by a 
normal quantizing magnetic field B applied in z-direction in a rectangular QW 
formed in x-direction by additional lateral confinement V{y) in y-direction of 
the 2DEG. The lateral confining potential is assumed to be parabolic, V{y) = 
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Figure 5.4: Emission intensity distribution (piezoelectric interaction) in phonon 
momenta at high temperatures T^ ^ huth = sqth = s6kiQ and for the non-smooth 
confining potential 



mujQy /2, ujq is a characteristic frequency defining the strength of the lateral 



confinement. Such type of the potential is sufficiently realistic one ||251|] and allows 
to carry out more analytical calculation. In such one- dimensional electron system, 
motion of particles is described by eigenf unctions \nlk > labeled by a subband 
index n corresponding to the heterojunction quantization in the 2;-direction, by 
hybrid index / corresponding to the twofold quantization due to the lateral and 
magnetic confinement on electrons, and by wave vector k corresponding to the 
free translation electron motion along the x-direction. Corresponding eigenstates 
\nlk >= \n > \lk > are factored into a subband function \n >= ip{z) and a 
Landau oscillator function \lk >. The latter \lk >= e^^^xikiy) are products 
of plane waves and harmonic oscillator functions centered at Uk = Xka^ (a = 



h/rriQUj is the characteristic length of the hybrid quantization). The dependence 
of yk on the quantum number k creates spatial separation of the edge states 
with different k. Therefore, in order to insure sufficient overlap between the 
electron wave functions, a transferred momentum in an act of phonon emission 
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Figure 5.5: Hybrid edge state spectrum in the parabolic lateral confinement. All 
possible transitions due to polar optical phonon emission are shown. 



parabolic lateral confinement is given by 

Eniik) = e{k) + Eni, e{k) = , Eni = Sn + huj{l + tub = 

zniB 2, ujq 

where e„ is the subband energy, the frequency u and effective renormalized mass 
TUB determine the hybrid subbands (see Fig. |5.5| ). The corresponding DOS for 
the subband nl per unit length is given by 



gni{e) = — J —eie-Sni) (5.60) 

TTh \l e - Enl 

where 0(x) = 1 if x > 1 and zero otherwise is the Heaviside step function. The 
DOS has a square-root singularity at the bottom of any subband nl. We recall 
that the DOS exhibits an analogous behavior in the bulk samples exposed to 
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the quantizing magnetic field. The position of the Fermi level ep and the linear 
electron density u are related in the following way 

^ = \ Y] J'^mBiep - £ni) Q{£f - Sni)- (5.61) 
Tin , ^ 

n,l 

Different physical situations corresponding to u = const and ep = const, as well 
as to the mixture situations when both u and ep vary with field {e.g., the situation 
when the ratio of ep/u remains constant) can be realized experimentally. Notice 
that in these different situations the magnetic field dependence of various physical 
quantities can be differ. 

The scattering probability at which one polar optical PO phonon with a 
wavevector q = {qx,<ly,(lz) and frequency upo (the PO phonon dispersion is 
neglected, Ug = ojpo = 36.62 meV) is emitted or absorbed by an edge state can 



be represented as |136 



J-'xJ-'yJ-'z Tpo q 

X {Nt{ujpo) + 1/2 ± 1/2) 6k',kTqJ i^nik " Sn'i'k' =F ^c^po) (5.62) 

In the above, ± refer to the emission and absorption of a PO phonon, L^, Ly, 
and Lz are wire length, width, and height, respectively, vpo = hppo/mc, hppo = 
^2mchujpo- The nominal time fpQ = 2apouJpo = (0.14 ps )~^ characterizes 
electron-PO phonon interaction (apo = 0.07 is the Frolich coupling constant). 
Nt{ujpo) is the Bose-Einstein factor at temperature T. If phonon confinement 
effects are neglected, the form factor Qw is given by Eq. p.l2| and, in the parabolic 



confinement, does not depend on momenta k and k' apart but depends only on 



the combination qx = yqy + A^g^ (A = cj^/cj). To treat the electron relaxation 
between edge states of the lowest n = subband, the variational wave function 
(f)o{z) = {z/V2(P) exp{—z/2d) [p08|] is used. Then the form factor in the z- 
direction, is given in the following explicit form 

|/o7(?.)P = (l + ?'rf')-' (5.63) 

where d is the length scale characterizing confinement of the electrons in z- 
direction. By considering the inter-subband relaxation it is assumed that the 
electrons in the 2;-direction are confined in a rectangular potential with infinite 
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high walls so that the wave functions are (pni^) 
the form factor I^^ following expression 



2/d sin 7mz / d which give for 



f cos^ C if n + n' = 3, 5, 7, ... 
Isin^C if n' + n = 2,4,6,... 



C = , a = —in + n ), n = —{n — n) 



(5.64) 



Eqs. ( |5.63|) and ( ^.64|) show that the form factor in the z-direction decreases in 
both cases as a sixth power of C, for small wavelengths, qz ^ d^^. 



5.4.2 Kinematics of PO phonon emission 

The kinematics of the PO phonon emission and absorption is determined firstly 
by the conservation laws. In this system due to quantization of electron motion, 
the momentum conservation remains only in x-direction so that we have 

e{k)=e{k') + ^^,^,,,k = k'±q,, 

^nln'V = ^n'V " ^nl ± hi^pQ. (5.65) 

These relationships are shown in Fig. Electron transitions are possible be- 
tween edge states with different n, /, k lying on two horizontal lines separated by 
hujpo- If ^nin'i' > {^nin'u < 0) elcctrous gain (loose) the momentum, g+ > 
(g^ < 0), at the phonon emission and loose (gain) the momentum, g+ < 
(g~ > 0), at the phonon absorption processes. All emission (absorption) pro- 
cesses with gain (loose) of the momentum have a threshold nature, i.e. only 
electrons with the energy e{k) > ^nin'v (^(^) — ^nin'v) can emit (absorb) PO 
phonons. The number of all possible electron transitions increases in Fermi level 
height. Notice that as it follows from Eqs. p.65| at fixed electron subband quan- 
tum numbers, the electron initial energy uniquely determines the x-component 
of the emitted or absorbed phonon momentum. 

qt = ±k(l- v/l - A±„,,/e(/.)) . (5.66) 

Exact momentum conservation in the y- and z-directions is replaced by the 
form factors Qw and Inn' which require following restrictions for Z, /' and n, n' of 
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the order unity 



Ag,a<l, (5.67) 




g,a<l, (5.68) 
qzd<l. (5.69) 

Actually, condition ( ^.67 ) is the restriction upon the electron initial energy and 
magnetic fields for which emission and absorption of PO phonons provide a sub- 
picosecond relaxation between given subbands with quantum numbers nl and 
n'l'. By virtue of the relationship ( ^.66| ), the condition (|5.67|) can be rewritten in 
the following explicit form 

(5.70) 

The parameter ujb/^o determines an extend degree of the inter edge state spatial 
separation at electron transitions. If ujq/ujb -C 1 then a slight shift in the electron 
momentum k — k' = or energy e — e' = ^fnVn'' causes a large inter edge state 
separation and weak overlap between electron wave functions. Therefore in this 
case we restrict the present analysis to the magnetic fields for which A^p„» ~ 
ujq <^ ujb while electron energy e can be of the order both ^fniin" ^^id Kujb- In 
the limit of a non-smooth confinement, ujq/ujb^'^-i even for e — e' = ^fniin' ~ 
there exists sufficient overlap between electron wave functions. Therefore, in this 
case we consider magnetic fields and energies for which e 

Due to the long-range nature of the PO interaction, phonons with minimum 



momenta q = ^q^ + ql + ql ~ minjg^, g^, q^] are emitted or absorbed at the 
relaxation processes. Since for the given electron discrete quantum numbers and 
initial energy, q^ is a fixed quantity then only phonons are essential for which 

qy,qz^qx- (5.71) 

In the limit of high magnetic fields, d ^ a, the distribution in phonon momenta 
is isotropic in the (x,y)-plane of in the inverse space while in 2;-direction, the 
restriction ( ^.69|) is more severe than that of ( p.71| ) so that we have q^ <^ qy^qx- 
In the opposite limit of weak magnetic fields, ub <^ ujq, {i.e. A ^ 1), the 
distribution in phonon momenta is isotropic in the (x,z)-plane while in y-direction. 
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Qy ~ Mx, therefore we have Qy -C Qz^Qx- In the intermediate range of magnetic 
fields we have A ~ 1 and d <^ a therefore the distribution in phonon momenta is 
determined only by inequality (|5.71| ). 



5.4.3 Energy relaxation of a test electron 

The energy relaxation rate for a test electron between two subbands nl and n'l' 



due to PO phonons can be represented in the form ||136 | 



Qnl^n'l'W — Qnl^n'l'W Qnl^n'l'i^) (5-72) 



where 



ai^.Ak) = '^-^^,'ifJk)Gi^,.u.(k) ^ ^ (5,73) 

Tpo v[liTqx> ^POl^J 

is the energy transferred to the lattice (obtained from the lattice) at the PO 
phonon emission (absorption) processes, l/TpQ{e) is the PO phonon emission 
(absorption) rate. Here v{k) = l/hde{k)/dk is the group velocity of the edge 
state which depends only on the momentum k for the parabolic confinement. 
The overlap integral G^i^^,i,{k) is given as 



(5.74) 



ilx=qx 



1-^ qt + q; + qi 

Integration over phonon momenta does not catch on the temperature factor 
^ni{k) "which is a function of the electron initial quantum numbers, 

*± (i) = (]V.(.po) + 1/2 ± i/2) l-M^-;WT ft-'Po) . (5.75) 

fri^) is the Fermi factor. Therefore, any variation of temperature will change only 
intensity of the phonon emission and absorption while momentum distribution 
of emitted and absorbed PO phonons by the test electrons does not depend on 
temperature. 

In the case of relaxation between edge states of the lowest subband for actual 
calculations of the overlap integral G^;^„,p(fc) we use expression ( p. 631) for the 



form factor /„,„/. Then directly taking integration over q^, Eq. ( |5.74|) can be 
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reduced to the following one-dimensional integral 



1 /-oo 8 -I- c 



8 + 9r + 3r2 



+ r 



(5.76) 



which we evaluate numerically. The results of numerical calculations in the limit 



40 - 



^ 30H 

c5 



CO 20 



CD 



O 

o 

Q. 

6 
Cl- 



io - 



- 



15 T 

17 T 

19 T 

20 T 

1=1 => |'=0 

d=3 nm 

CO =0.17 MeV 



1- 




— r- 
10 



— I — 
20 



30 40 50 

Electron initial energy [MeV] 



— I — 

60 



Figure 5.6: The PO phonon emission rate versus the electron initial energy for 
the I = 1 => I = transition and for different values of the magnetic field. 



of the smooth confinement (we take ujq = 1.754 meV) for transitions between hy- 
brid subbands / = 1 ^ /' = and I = 2 —>■ I' = are shown in Figs. ^]6| and p.7| , 
respectively. We use d = 3 nm as a typical value for a GaAs/AlGaAs heterostruc- 
ture. The diagrams represent the PO phonon emission rate dependencies on the 
electron initial energy at room temperatures for several values of the magnetic 
field. One can see from Fig. p.6| that for the transition / = 1 = at low 

magnetic fields B = 15, 17 T corresponding to the detuning Aqiqq = 9.89, 6.38 
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Figure 5.7: The PO phonon emission rate versus the electron initial energy for 
the / = 2 => / = transition and for different values of the magnetic field. 

meV, the emission rate increases slowly but monotonously thought it is remaining 
sufficiently small in the whole range of the electron initial energy variation. It is 
exceeding the value of 1 ps~^ only near the upper edge of the energy variation. 
Such behavior is conditioned by the sufficiently large value of the transferred mo- 
mentum Qx (so that the inequality (|5.67|) is not satisfied) and by its monotonous 
decrease in the same energy range. The curves of the emission rate for the mag- 
netic fields B = 19, 20 T corresponding to the detuning Aq^^qo — 2.87, 1.12 
meV represent peaks at the energies for which the inequality ( |5.67 ) starts to take 



place. The peak values exceeding 40 ps^^ and 10 ps~^, respectively. At higher 
energies, the inequality ( |5.67| ) takes place in the strong sense, Xqxd -C 1, there- 
fore the overlap integral ( |5.74D becomes weakly depending on the energy and the 
energy dependence of the emission rate is mainly determined by the behavior of 
the DOS, i.e., it slowly decreases with an energy increase. On the low-energy 
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side we have Xqxd ^ 1 causing an exponential increase of the emission rate with 
energy increase. The curve with B = 20.64 T represents the emission rates cor- 
responding to the very sharp detuning (Aq^qq < 0.5 meV). In this case we have 
Xqxd -C 1 in the whole energy range and features of the emission rate are mainly 
determined by an energy dependence of the DOS. Particularly, the sharp increase 
of the emission rate at low energies arises from the divergence of the DOS at the 
bottom of the electronic subband. 

Such kinds of curves with analogous behavior we find also for the electronic 
transitions between subbands n = 0,1 = 2 and n' = 0, /' = (Fig. |5?7|) . 



Chapter 6 

Theory of Auger-upconversion 



6.1 Introduction 



Auger scattering in semiconductors is well known from investigations of nonra- 
diative recombination P52| , |253| , |254| , |255| , |37| . Free electrons and holes are a 
prerequisite for this process: the energy obtained in the recombination of an 
electron-hole pair is taken to excite another electron. The latter electron may 
loose its excess energy by electron-lattice relaxation; thus the recombination en- 
ergy is converted into heat. More recently two-particle correlation effects in the 
Auger process ||256|| have been demonstrated experimentally for p-GaAs and n-Si 
|^57| , p^58|| . In quantum well structures, Auger processes become possible between 
different subbands and have been investigated both in theory and experiment (see 



p59|| and references therein). The reduction of Auger scattering rate in quantum 
dots due to the discreteness of the electronic states has been used as an argument 
to propose quantum dots lasers ||26CI|| . Except for an early study of transport in 
crossed electric and magnetic fields ||261|| , the theory of Auger scattering was 
restricted so far to the magnetic field free case. 

" 1 • ■ ' 1^ 



In recent magneto-luminescence experiments by Potemski et al. ||5^, ^ 



one-side modulation doped GaAs/AlGaAs quantum wells an up-conversion has 
been observed and interpreted as being due to an Auger process. These authors 
studied in photoluminescence and photoluminescence under excitation an asym- 
metric GaAs/AlGaAs single quantum well of width ci = 25 nm with an electron 
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Figure 6.1: Magnetic field dependence of tfie probabilities for the transitions 
between Landau levels Lq Li{{I}) and L2 Lq({//}) caused by acoustic 
plionon emission. 

density of Ng = 7.6 ■ 10^^ cm^^ with a magnetic field B applied in growth direc- 
tion. The characteristic energy level scheme for 7.9 T < i? < 12.9 T is depicted 
as inset in Fig. |6.1|: the lowest Landau level of the second electric subband Lq lies 



between the second Li and third L2 Landau levels of the lowest electric subband 
(the index refers to the Landau quantum number), while due to the doping con- 
centration the Fermi energy is pinned to the level Li. Changing the magnetic field 
in this interval allows to tune Lq between Li and L2. The luminescence spectrum 
under interband excitation into Li at low temperatures (T = 1.8 K) and for low 
excitation power (Pexc < 10 W cm^^) shows two peaks (see Fig. |6.2| taken from 
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Ref. [^): besides the luminescence due to recombination of an electron from Lq 
with a hole in a valence band, a second peak is observed above the exciting laser 
energy and is related to Lq, i.e. recombination of an up-converted electron with 
a hole. In order to explain this second peak, the following processes have been 
supposed: after an interband excitation of electrons into the partially filled level 
Li (i), a recombination takes place between electrons from Lq and photo- induced 
holes (ii), then in an Auger process two electrons in Li are scattered to L2 and Lq 
(iii), and a relaxation process brings the electron from L2 to Lq (iv), from where it 
recombines with a photo-induced hole (v) to give the up-converted luminescence 
or, emitting a phonon, relaxes into the level Li (vi). Potemski et al. [^5|, p6 



present the dependence of the luminescence intensity related to Lq and Lq on the 
magnetic field and the excitation power (see Fig. |6.3| taken from Ref. The 
most surprising result is the high intensity of the Lq luminescence which can be 
of the same order as the Lq luminescence. 

Experimentally, electron-electron interaction has been studied in various phe- 
nomena. Besides already mentioned luminescence experiment ^ , inter- and 
intra-Landau level Auger transitions have been observed also in the cyclotron 



resonance in the 2DEG |262|. As a dephasing mechanism electron-electron in- 



teraction is observed in interference of two electron beams in the 2DEG [p63|| . 
It can be responsible for the signal decay in four wave mixing experiment ||264|| 
and consider as a possible mechanism |p65| , p66|] of the mutual drag between two 
electron gases, 2D-3D, and 2D-2D |67l |6|]. 

Electron-electron scattering is one of the main mechanisms controlling relax- 
ation, transport and optical properties of electrons. The electron scattering has 
been firstly calculated by Landau and Pomeranchuk | [^69| ] in massive samples. 
In recent years, intensive effort of many authors has been exhausted to develop 
theory of electron-electron scattering in low-dimensional nanostructures 0, 0, §]. 
In the 2DEG, electron scattering has been calculated by Chaplik ||270|| at low 
and by Gulianni and Quinn |p71|| at high temperatures for free Fermi-liquid elec- 
trons. When electrons are strongly scattered by random short range potential 
of impurities, the Fermi-liquid picture can be no longer valid. In this situation 



electron-electron scattering has been discussed by Schmid P72|| and by Altshuler 
and Aronov [p73|| for the magnetic field free case. 
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As already mentioned, theoretical studies of Auger scattering between Landau 
levels in a 2DEG are missing in the literature. In this section phenomenological 
calculations of the electron-electron scattering rate for free electrons of the 2DEG 
exposed to the normal quantizing field are presented 



Quite recently these calculations have been generalized by Levinson ||274|| for 
a smooth random potential depending on only one coordinate which allow to 
calculate Landau level broadening corresponding to heterostructures and narrow 
quantum wells with a large spacer ||275| , |276| . 

In the last few years electron-acoustic phonon interaction in a 2DEG in a quan- 
tizing magnetic field has attracted attention because of its role in the breakdown 
of the dissipationless quantum Hall effect [ |169| , |16(j|| and the cooling of a 2DEG at 
low temperatures T < AOK | |1 73| , |171| , |1 72[| . The emission and absorption of the 
ballistic phonon pulses by a 2DEG in MOS-structures and GaAs-heterostructures 



have been studied in theoretical works ||176| , ^ as well as in many exper- 

iments (see the review paper p77|). In all calculations, however, only acoustic 



phonon-assisted transitions within Landau levels of the lowest subband are con- 
sidered. 

Therefore in this chapter, we calculate the characteristic times of processes 
(iii) and (iv), (vi), i.e. Auger scattering between Landau levels of the lowest 
electric subband and electron-acoustic phonon scattering between Landau levels 
of the two lowest electric subbands {L2 —>■ Lq and L'q Li), as well as the 
lifetime of a test hole in level Lq with respect to both the Auger process and the 
phonon emission. By analyzing rate equations for the processes (i)-(vi) we find an 
estimate for the time of the Auger process as well as magnetic field and excitation 
power dependencies of the two luminescence peaks which are consistent with the 
experimental findings. 



6.2 Auger scattering between Landau levels 

Due to the combined effect of quantum well confinement and Landau quantiza- 
tion, the energy spectrum of electrons in a quantum well with magnetic field in 
growth direction (parallel z) is discrete. The single particle energy Sni is character- 
ized by a subband index n and a Landau level index / (the spin degeneracy is not 
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removed and is taken into account in the occupation factors). The corresponding 
wave functions ^I/(r) (r=(R, z)) are factored into an oscillator function ^^^(R) for 
the Landau oscillator and a subband function ipn{z)- The single particle energy 
does not depend on the quantum number k which results from the asymmetric 
gauge of the vector potential and counts the degeneracy of the Landau levels. 

The scattering time for a single electron due to the Auger process, in which 
two electrons are scattered from single particle states 1, 2 into states 1', 2', is given 
by 

-= Y. W'l,2-l'J./2(l-/l')(l-/2.) (6,1) 



'''Auger k2,k[,k'^ 

where the occupation probabilities / take into account the Pauli exclusion prin- 
ciple. In detail the transition probability is given by 



h 



In Eq. ( |6.2| ) we have taken the sum over the momenta k to account for all equiv- 
alent scattering processes, which are possible due to the degeneracy for a given 
set of Landau levels. After the summation the result does not depend on ki (and 
thus on the choice of the gauge, as it should be). Thus r^^g^r is the relaxation 
time of a test electron from the level Li to Lq with respect to the Auger process. 
For later considerations we introduce also the lifetime of a test hole in the level 
Lq with respect to the Auger process from the level Li as 

1 



'Auger ki,k2,k' 



E W^l,2^1',2'/l/2(l-/2') (6.3) 



where 1 — is the occupation probability of a hole in L2. 

The matrix element Mi^2-»i',2' to be calculated with functions of Eq. (??) is 
that of the Coulomb interaction potential after 2D Fourier transformation 

1 27re^ 

V"ee(ri,r2) = — V exp{zq(Ri - R2) - g | - ^2 1} (6.4) 

A Y f^oQ 

where A is the normalization area in the (x, ?/)-plane, kq is the low-frequency 
dielectric constant. Here the screening due to free carriers in the electron subband 
is not considered. 
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In our special case we are interested in transitions only within the first electric 
subband {n = 1). Therefore, using the form factor 

F{q) = J dzidz2ipl{zi)il)l{z2) exp {-q \ Zi- Z2\} (6.5) 

the matrix element can be represented in the form 
1 27re^ 

/i q riOH 



X exp 



]^ia\qy{ki + k[ - k2 - k'^j - + I2 - h - k) 



. (6.6) 



Here = (/i/ | e | -B)^/^ is the magnetic length, (p is the polar angle of the vector 
q. The functions Qw are given by Eq. ( ^.12| ). Using the model wavefunction (??) 



Hi) = ^^^^^ + I"" - (6.7) 



[|125|| , the form factor ( |6.5D can be calculated explicitly 

{b + qf 16 {b + qf 

It is easy to see from Eqs. ( |6.1|) - (|6.3|) that the momenta k appear only in the 
matrix element so that using ( |6.6| ) one can find 



1 1 zItt-2 4 1 

E |Mi,^i'-r = ^^^EV(?)Qf,;(?)QL^(g)- (6.8) 

It should be noted that after performing the summation of the modulus squared of 
the matrix element over the momenta k no interference between different Fourier 
components of the Coulomb potential occurs. 

So far we have not considered the 5-function in Eq. ( |6.2| ) which would give a 
factor of infinity because of energy conservation. For a realistic 2DEG, impurity 
scattering results in a broadening of the Landau levels [p78|] . The same mechanism 
also limits the mobility of the carriers in the system (see Chapter H). Therefore, 
we replace the (5-function by a Lorentzian with a width corresponding to the 
scattering time r ^ 10 ps for the mobility /i = 25 V^^ s^^ m^ which means 
''^^i^mh + ^n2i2 ~ ^n\i[ — ^n'^i'^) This approach is inconsistent in so far as 

impurity scattering, in principle, gives /c-depended energies, however, we perform 
the /c-sum without taking this into account. 
Now from (|]2|), and (|]|) we obtain 

1 



WAugerf2{l-fl'){l-f2 



uger 



(6.9) 
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and the probability of the Auger process is 



The overlap integral 



$ — 



fl i A 



(6.11) 

2^0 / Jo q ■ ■ '^'1 ■ ■ ■ ■ i^+i^=i^,+i^, 
depends on magnetic field via the dimensionless parameter Qb/zq where Zq is a 
characterizing length parameter of the lowest electric subband. We have calcu- 
lated the overlap integral $(05/^0) for the Auger process involving Landau levels 
^1 = ^2 = 1 and I'l = 0, ^2 = 2 (Auger process from the level Li into the levels Lq 
and L2) using the form factor ( |6.7|) (see the lower part of Fig. |6.4|) . The value 
of the parameter = 3/6 = 10.5 nm has been chosen to reproduce the separa- 
tion of the two lowest subbands of the actual quantum well in |^ and |Q by a 
triangular potential model. The magnetic field dependence of the probability of 
Auger process W Auger is also plotted in Fig. p^ . One can see that in the range of 
magnetic fields between 7.9 T and 12.9 T, the function $ is slowly varying func- 
tion in the magnetic field so that the probability W Auger is a linearly increasing 
function in B in the same range. When the magnetic field is varied from 1 to 20 
T, the probability W Auger increases approximately from 1 to 10 fs. Notice that, 
recently, such a fast electron-electron thermalization (faster than 10 fs) has been 
observed in modulation-doped GaAs quantum wells ||279|| . 

However, the occupation factors, which have to be included in order to obtain 
TAuger^ wiU drastically increase this value. For the case under consideration in 
the experiment of and (with Ng = 7.6 ■ 10^5 cm~^, T = 1.8 K and 
B = 9.5 T ) but without pumping, we find by including the occupation factors 
TAuger — ^^^^^Augery ^-S- the Auger proccss is uot possiblc at all because the 
lower Landau level Lq is almost completely filled. It becomes possible only by 
optical pumping into the level Li and subsequent recombination from Lq, thus 
creating the empty states required for the Auger process. Without pumping, the 
Auger process is possible only at much lower magnetic fields (for lower carrier 
density) or much higher temperatures. 

Applying the same considerations to r^^ger obtain an expression as ( |6.9| ) 
but with the factor /i instead of the factor 1 — f[. This gives for half-filled Li 
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level T^^^^g^ ^ 2 fs. In contrast to r^^ger we see that T^„ger (^oes not depend on 
available free places in the level Lq and shows the efficiency of the Auger process 
in comparison with other processes which add (by emission of phonons) or remove 
(by interband recombination) electrons in Lq. 



6.3 Electron- acoustic phonon scattering between 
Landau levels 

Transitions between Landau levels of the different electric subbands are possi- 
ble by emission of acoustic phonons via the deformation (DA) potential. The 
corresponding relaxation time of a test electron is given by 

1 



r, 



DA 



nl^n'l' 



{1 - Mj:W^ltnn'k' (6.12) 



where the transition probability from the state "^nik to the state "^n'l'k' is given 

by m 



1 'E? uj"^ 1 u"^ 

Wnlk^n'Vk' = -^k' M+Q.Qu'iQ) |4n'(«)l^ ' « = Y ^ " (6-13) 



with the form factors Q and / given by ( ^.42|) and (|5.43|) , respectively. Recall 



that S is the deformation potential constant, p is the mass density of the crystal, 
s is the velocity of sound and the transferred energy Tioj = Sni — £n'i'- 

Direct calculation shows that the probability for the piezoelectric potential 
(PA) can be obtained from ( |6.13D by replacing S^(c(j^/s^) by (e/5)^ where (3 is the 
piezoelectric modulus of the crystal averaged over directions of propagation of 
phonons and its polarizations. Therefore, for GaAs one can find 

W""^ E^uj^s^) fuj[meV]Y 



(e/5)2 \^ 0.42 



(6.14) 



This means that in strong quantizing magnetic fields {B ~ 10 T) when Lq is 
sufficiently far away from Li and L2, i.e. it is far from the crossing point of the 
magnetic field when uj <^ ujb-, the PA- interaction is suppressed with respect to 
the DA-interaction. 
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From ( |6.13 ), taking a sum over the momentum k' of the final states, it is easy 
to find 



/ . nlk-^n'Vk' 



S2 



X J dZidZ2^m{Zl)i'n2iZl)i!nA^2)^n2iz2)K (^^\Zi - Z2^ (6.15) 

where the kernel is 



K I 

S 



)ruj/s q 
= / dq-Qfi,{q)exp{ia{zi - Z2)} . (6.16) 
JO a 

The following two transitions will be considered below: 

n = 2, / = ^ n' = 1, /' = 1 (L[) ^ Li) {/} 



with 



and 



huj = huji = - Bii =^E- ^B, Qloiq) = texp(-t) 



(6.17) 



n 



1J = 2 



n 



2, r = o (^2-^4: 



with 



{II} 



hu = hui = ei2 ~ 620 = 2hujB - hujE, Q2o(Q') = ('^^/2) exp(-t). (6.18) 

Here ub = eB/mc is the cyclotron energy and Tioje = £^20 ~ ^10 is the energy 
separation between first and second electric subband. 

The kernel ( |6.16|) for these two transitions can be rewritten 

= \ rdt{t; (tV2)}- exp \ia{zi - Z2) - t] . (6.19) 

where a = {u'^ /2s'^)a% is an integration parameter. This integration has been 
evaluated by means of the steepest descent method using the fact that in quan- 
tizing magnetic fields the parameter a = {u'^ /2s'^)a\ ~ ujB/2'ms'^ ^ 1 is always 
large. Then we find 



K [ ^\Zi - Z2 



K [ -\ZI - Z2 

s 



00 1 {l-i(3Y ( l-i(3 



{1-11} s 2a (1 + P' 



2\2 



1; 



I+/32 



exp 



i—[zi - Z2) 
s 



o I - 



(6.20) 
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where the parameter (3 = {uj/s){zi — Z2)/2a. For u ^ ujb and for zi, Z2 ^ d we 
have f3 ~ ms{zi — Z2) ~ msd. For GaAs the length h/ms = 340 nm so that at 
d = 25 nm we have /? <^ 1. Hence, neglecting the terms of the higher order in /3 
we obtain 



K 



u 1 



\z1-z2] exp ^-(^1-2:2) . (6.21) 

/ {/;//} s 2a is J 

One can see that in this approximation the kernel differs for the two transitions 
only by the different values of the transferred energy u. This result for K is 
easy to find from ( |6.16| ) by replacing ahj uj/s. This means that in a 2DEG in a 
quantizing magnetic field normal to the electron sheet, electrons due to the DA 
interact mainly with phonons which propagate along the magnetic field direction 
B. It should be noticed that this statement is true not only for these particular 
transitions but also in general. 

Substituting the kernel ( |6.21| ) in ( 3. 15 ) we obtain the probability for the tran- 
sitions {/} and {//} 



1 to 



ph 



-as 



'12 



Tb s 

Here we define a nominal interaction time 

1 : 



to = {uJi;uj2}. 



(6.22) 



(6.23) 



2Tihps'^a?B 

which depends on the magnetic field. Since the parameter {u/ s)d 3> 1 (actually, 
this inequality defines the energy range in which we are interested), the form 
factor J12 can be calculated by the method of a stationary phase ||280| , p81 
Using Airy functions instead of wave functions ipn{z) one can find 





2 




-6 




= 4 















^j2mujEl{oii - ao) 



(6.24) 



where ai is the ith zero of the Airy function. 
Substitute QO^ ) in ( 1021) we find 

A{s/zf 



{1} 



ph 



ph 



Tb Z {UJe - iOB, 

1 ttB 4:{S/Zf 

Tb z {2ujb - ^^e] 



-^B{Be-B)-\ 
-(xB(2B - BeY^ 



(6.25) 
(6.26) 
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where Be is the magnetic field when ujb = ^e- For GaAs at 5 = 9.5 T and 
z = 6.7 nm (this corresponds to ue = 22.4 meV taken from and we 
find W^l^^ = (32.3 /is)"^ and W^^ = (1.5 fis)'^. Note, that the relaxation 
probability calculated in for magnetic fields i? ~ IT is much greater. Such 
a suppression of the electron-phonon interaction at uj ^ ujb and {ujb/s)z ^ 1 
follows from the conservation laws. The electron states in this regime constitute 
a wave packet so that the states with /, n ~ 1 have momenta of the order of a]^ 
in the (x, ?/)-plane and of the order of in z-direction. Therefore, only for a 
small number of electron states in this packet, the momentum conservation law is 
fulfilled at the interaction with acoustic phonons with momenta cu/s ^ a^^, z~^. 
The dependence of the probabilities ( |6.25D and ( |6.26D on the magnetic fields 



is plotted in Fig. pTT| . At low fields i? ~ 8 T the transition {//} {L2 — > L'q) is 
predominant. As B increases, the probability W^l^^ rapidly falls while W^j} (this 
corresponds to Lq Li) slowly increases so that already at i? = 8.6 T these two 
transitions are equally probable. At high fields transition L2 L'q is suppressed 
with respect to L'q — > Li and W^l^ rapidly increases with increasing B so that at 
fields near Be achieves to values corresponding to times less than 1 ns. 

In order to obtain the relaxation times Tj^h^'^^^\ the occupation factors have to 
be included according to Eq. (|6.9|). Noting that for the case under consideration 
in experiment ||55[ and |^6[| the Li and L'q levels are not fully occupied, we obtain 



^ = (1 - /u.o)»i'"'" ~ (6.27) 

To find out which mechanism (the Auger scattering or the phonon emission) is 
responsible for filling of holes in the level Lq with electrons, we estimate also the 
lifetime of a test hole in Lq with respect to the phonon emission from the higher 
level Li 

4 = E WgL,Q,,fn ^ W.^ofu- (6.28) 

''ph k' 

Here the probability W^nfc_^iofc' is given by Eq. ( p. 21 ) for the transferred energy 
uj = ojb- Since always ojb > 1^1,1^2, the approximations, which have been made 
above to calculate the kernel K and form factor /„„/, are also justified for this 
case. Therefore one can obtain W^i^o from Eq. ( |6.21| ) by substituting uj = ujb- 
It is clear, that the lifetime of a test hole r^^ is larger than the relaxation times 
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Tph^'^^^^ ~ 1 /is and thus much larger than {t^^^^^. ~ 1/s). Hence, the Auger 
process is much more efficient to fill holes in the level Lq than the phonon emission. 
This fact makes possible the observation of the Auger- up conversion by interband 



optical pumping |E5l and [56] 



6.4 Analysis of the rate equations. 

So far we have considered only the processes (iii), (iv) and (vi). In order to 



correctly describe the experimental situation of and [£6|, we have to take 
into account also the processes (i), (ii) and (v), i.e. the pumping by interband 
excitation to the level Li and the recombination of electrons from Lq and L'q 



with the photo-induced holes. As it has been discussed already in Sec. |6.2| , the 
Auger process becomes possible only after processes (i) and (ii). Intensities of the 
emissions from the levels Lq and Lq are determined by the characteristic times 
of the processes (i)-(vi) from the following set of rate equations 

driQ Uq 111 



dt To r 



(6.29) 



Auger 



|i = ^...+ 4-4^ (6.30) 

driQ _ n2 n'o rig 



dn2 rii n2 



(^'^ ^Auger T ■ 



(6.31) 
(6.32) 



'ph 

Here ni (n'l) is the areal number density of electrons in the Landau level with 
index / of the first (second) electric subband including spin degeneracy. The 
characteristic times of the recombination of electrons from level Lq and L'q with 
photo-induced holes are tq and Tq which depend on B in the same way and are of 
same order of magnitude. In Eq. ( p.30| ) we have also defined the fiux of electrons 
created by interband excitation into the level Li 

Pe.c=^(l-/l) (6.33) 
^exc 

where Pgxc and hug^c are the excitation power and energy. The factor 1 — /i takes 
into account the availability of free states in the level Li. In a stationary case we 
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have dn/dt = and the rate equations reduce to 



^0 = - = -e = ^ (6.34) 

^0 ranger T^^ 

- 4 (6.35) 
lo-I'o = ^ (6.36) 

lo + l'o = Pe.c (6.37) 

(6.38) 



where /q and /q are proportional to the luminescence intensities for recombi- 
nations from Lq and Lq, respectively. According to Eq. ( |6.34| ), the lumines- 
cence intensity Jq is determined both by t^^^^^ and t^I^^ . Because of T^^ge^ = 
{ni/n2)Tpl^^ > Tpl^^ we find for B = 9.5 T that T%^g^.^. > 30 /iS. This means that 
the relaxation time of a test electron in the level Li with respect to the Auger 
scattering is strongly enhanced due to the occupation factors over the character- 
istic time WXuger the lifetime of a test hole r^^ger ^^e level Lq which are 
of the order of 1 fs. 

Because T^^ger is much smaller than all other characteristic times of this sys- 
tem, the Auger-up conversion mechanism immediately fills all arising holes in Lq 
due to the recombination of electrons from Lq and creates electrons in the level 
L2. Thus the number of the up-converted electrons is always equal to the num- 
ber of recombining electrons from Lq. However, the intensity of the up-converted 
luminescence Jq is determined by the competition of the processes (v) and (iv). 



i.e. by the ratio of Tq and t^P (see Eqs. ( p.35| ) and (|6.36|) ). 



'ph 

In order to obtain the dependencies of Jq and Jg on the magnetic field and 
the excitation power we consider two different cases. In when process 

(v) is dominant over the process (vi), i.e. rj^l^ ^ Tq, we find from equations 
(lOiD -dOTD that 



P N 

/o^/^^^>-^, no~n[,~Aro (6.39) 



'^ph 



which means 



Jo, I'o cx Pexc, (!-§-)• (6.40) 
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Here Nq is the capacity of one Landau level and Bi corresponds to the full 
occupation of two Landau levels Lq and Li. With the help of Eqs. ( |6.25| ), ( |6.27| ), 
and ( |6.33|) it is seen that the inequality in Eq. (|6.39| ), which is determined by 
^ '^0' corresponds to the situation when the magnetic field is close to the 
lower bound of the considered interval and at the same time the excitation power 
is high. In opposite case when <ti Tq, which corresponds to magnetic fields 
close to the upper bound and low powers, we find from Eqs. ( |6.34D -( |07| ) 

^0 = ^hn < ^0 = Pexc, no ~ iVo > n'^ (6.41) 



'ph 



This means that 



while 



r, oc PL, ( 1 - § ) (Be - Bf (6.42) 



Jo oc Pexc, ( 1 - ^ ) • (6.43) 



B 

Now it is clear from Eqs. ( |6.39| ) and ( p.40| ) that at B near Bi both intensities /q 
and Jq increase linearly with B. As B increases further, Jo continues to increase in 
accordance with (|6.43|) but not so sharply as near Bi. However, Jq shows another 
behavior given by Eq. (|6.42|) and decreases with B as {Be — B)^ when B is near 
Be (Fig. |6r5|) . At low powers Jq depends quadratically on P^xc (Eq- ( |6.42|) ) while 
at high powers for Jq (Eq. (|6.40| )) and in the whole range of the power variation 
for Jo (Eqs. ( |6.40| ) and ( |6.43[ )) this dependence is linear. 

In conclusion, our calculation provides an understanding of the main features 
of the experiments reported in |^ and ||56[. In the light of our investigations it 
would be interesting to have detailed experimental information on the intensities 
/q near Bi and I'q near Be for which also our theory provides definite information. 
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Figure 6.2: (a) Intensity of the luminescence detected at hudet as a function of 
the exciting energy (left) and luminescence spectra at different excitation energies 
huexc (right). Two-dimensional and bulk structures are observed when the ex- 
citation energy corresponds to the peak of the two-dimensional density of states 
(solid line), and mainly bulk- related luminescence is visible when exciting in the 
gap between the two-dimensional levels (dashed line), (b) The Landau level fan 
chart of the optically active transitions observed in luminescence (crosses) and 
luminescence-excitation (open circles) spectra. The size of the symbol reflects the 
transition intensity. The Lq^ absorption line involves the light-hole level. The 
Fermi-level position is shown with the dashed line. 



CHAPTER 6. THEORY OF A UGER- UPCONVERSION 



179 




Figure 6.3: (a) Solid circles: variation of the peak intensity (Jq) of the above- 
laser emission as a function off the magnetic-field-dependent filling factor u or the 
separation A between the excitation- and the emission-peak energies. The peak 
intensity of the Lo-related luminescence (Jq) is shown with open circles. Solid 
lines are guides for the eye. (b) Power dependence (in relative units) of the /q 
and Jo when exciting into the Li level. Solid lines represent quadratic (for Jq) 
and linear (for Jq) variations. 



CHAPTER 6. THEORY OF AUGER-UPCONVERSION 



180 




Figure 6.4: Probability of the Auger process WAuger from the level Li into the 
levels Lq and L2. Dashed line shows the overlap integral $(05/2:0). 
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Figure 6.5: Magnetic field dependence of tlie luminescence intensities Iq and Iq 
for recombination from the Landau levels Lq and Lq, respectively. 



Chapter 7 

Magneto-transport in a 
non-planar 2DEG 



7.1 Introduction 



The last decade has seen the many of different and creative new environments 
under which quantum nanosystems with the 2DEG are investigated. Partic- 
ularly, the 2DEG exposed to a homogeneous magnetic field has proved to be 
an extremely rich subject for investigations in theory and experiment |T^. In 
these nanosystems in addition to the lateral confinement, the carrier motion 
becomes quantized also in the plane normal to the magnetic field. The quanti- 
zation length is varied with magnetic field which assures an easily way to obtain 
information on the properties of charge carriers. Considerable efforts have been 
devoted to study transport properties in such effectively zero dimensional systems 



2l|, |282|| . Already, a set of remarkable phenomena such as the integer and the 
fractional quantum Hall effects ||283|| , the Aharonov-Bohm effect [ p84| , P85|| , and 
the magneto-resistance oscillations of the 2DEG subjected to periodic electric 
field weak modulations along one or two directions, also called Weiss oscillations 

286| , |287| , |288|| (to mention just a few) has been uncovered. 



In the last several years a more complex situation of the 2DEG in a non- 
uniform magnetic field has attracted considerable interest [ p89|| . Depending on 
the strength of the local magnetic field, the electron motion in the plane of the 



2DEG can be tuned from regular to chaotic [|290| , |291|| . The motion of ballistic 
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electrons in a periodic magnetic field is also believed to be closely related to the 
motion of composite fermions in a density modulated 2DEG in the fractional QHE 
regime ||292| , |293|| . Such magnetic supersystems offer the possibility of producing 



magnetic confinement. In a non-zero magnetic field region, the lowest energy state 
for an electron is the lowest Landau level with energy Hujb {ojb is the cyclotron 
frequency). In a zero- field region, the lowest energy state is zero. Therefore, when 
electrons starts to move away from the zero-field region, the non-zero-field region 
acts as a barrier. Moreover this barrier differs from a usual potential barrier in 
two ways. First, the barrier is kinetic, i. e. the electron gains kinetic energy as the 
electron overcomes the barrier. Second, tunneling through the magnetic barrier 
is an inherently two-dimensional process so that the transmission probability 
depends on the angle at which the electron hits the non- zero-field region. This last 
property has been exploited to predict a wave-vector selective filter for electrons 
P94|| . Other interesting feature can manifest magnetic "dots" coupled to the 



2DEG. These dots could be used to produce magnetic fields that could confine 
electrons to a disk region. Such magnetic dots could be explored as memory 
elements in future electronics. 

Theoretically the transport properties of a 2DEG subjected to a spatial de- 
pendent perpendicular magnetic field have been addressed in several works. The 
possibilities of the creation of periodic superstructures by a non-homogeneous 
magnetic field have been investigated in ||295| , p96| , |297|| Distinct theoretical pre- 
dictions have been achieved for the limit of a weak one-dimensional magnetic 
modulation. Transport of a 2DEG in a weakly modulated periodic magnetic field 
normal to the electron sheet and its collective excitation spectra have been stud- 
ied in p94] , |298 | and | |299 |. The single-particle energy spectra of a 2DEG have 
been calculated in a non-homogeneous magnetic field for different step-like [pOCI|| , 
linearly varying with position ||301|| and other functional magnetic field profiles 



P02|| . The magnetic field dependence of the conductance of a ballistic QWr ||296| 



and of a 2DEG through an orifice ||303|| has been studied. The properties of wave- 
vector dependent electron tunneling p94|| and electron moving in step-like 
magnetic structures have been investigated. Analysis of the weak localization 
and calculation of the Hall and diagonal resistivities of the 2DEG in an inho- 
mogeneous magnetic field have been presented in ||304| p05| , p06|| . Quite recently 
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it has been shown that the spatial distribution of electron and current densities 
in a linearly varying magnetic field has very rich structure related to the energy 
quantization ||307|| . 

Until recently experimental attempts to produce non-homogeneous magnetic 
fields on the micrometer or nanometer scale have failed. Now, however experi- 
mental groups in Germany, Japan, and the UK have succeeded in coupling the 
2DEG to the non-homogeneous magnetic field. High mobility 2DEGs are formed 
in standard GaAs/AlGaAs heterojunctions. The spatial modulation of the mag- 
netic field is made possible by depositing patterned gates of superconducting or 
ferromagnetic materials on the surface of heterostructures. 

A group at the Max-Planck-Institute in Stuttgart has used ferromagnetic 
dysprosium (Dy) metal stripes |p08|, |309|, while a group at Tokyo University 



has used ferromagnetic nickel gates ||31CI|| to modulate the magnetic field. The 
strength of these micromagnets can be increased via an external magnetic field. 
A group at Nottingham University has used a superconducting stripes on the 
surface of the heterostructure Using this technique of patterned gates, it 

has become possible to realize experimentally magnetic dots |pl2 , p08|| . 

However, such scheme of creating inhomogeneous magnetic fields has two 
disadvantages: i) the variation in the magnetic field is very small in the 2DEG 
plane since gates are a few hundred angstroms above the plane of the 2DEG and 
dies away rapidly a short distance below the gates, ii) the patterned gate layers 
will also cause strain and electrostatic iii) variations which are in general stronger 
than the effects of the varying magnetic field which makes it hard to attribute 
effects unambiguously to the magnetic field. 

Recently a research group from the Toshiba Cambridge Research Center Ltd. 
and Cavendish Laboratory have reported an alternative approach to produce 
spatially varying magnetic fields They have proposed to take advantage 

of the regrowth technology of /// — V semiconductors on patterned substrates 
and offer a more flexible and potentially fruitful solution of this problem. A 
remotely doped GaAs/Alj.Gai_^As heterojunction is grown over wafer previously 
patterned with series of facet. The electron gas is conflned to a sheet at the 
GaAs/Al^.Gai„2,As heteroface which is no longer planar but follows the contour 
of the original wafer. The use of in situ cleaning technique enables to regrow 
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uniform high quahty 2DEGs over etched substrates |6^ . 

Apphcation of a homogeneous magnetic field to this structure results a spa- 
tially varying field component normal to the 2DEG. This has firstly been demon- 
strated for samples with a single planar facet ^ . Rotating the plane 
of the sample allows us to find different non-homogeneous magnetic superstruc- 
tures: magnetic barriers, magnetic wells and completely novel situations where 
the normal component of the field changes its sign on the facet (see Fig. |7.1D . 
Improved control over the topography of the electron gas will allow magnetic- 




B, 







e=o° 



e=90° 



-e 



Figure 7.1: Applying a uniform magnetic field produces a spatially non-homoge- 
neous field component normal to the 2DEG. Different magnetic superstructures 
can be obtained, depending on the 6 angle between the magnetic field and the 
substrate normal, magnetic barriers {6 = 90°), magnetic wells {6 = 0°), and 
novel situations when the normal component of the field changes its sign on the 
magnetic interface. 
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field variations in more than one dimension. In principle, this technique offers 
the possibility of investigating the behavior of electrons in a curved quasi-two- 
dimensional space, and the effects of varying that curvature. Quite recently a 
theoretical study of quantum magnetic confinement and transport of electrons in 
spherical and hemispherical 2DEGs has been presented |^ 

Thus, using this in situ cleaning technique, we can now investigate the effect 
of varying the topography of an electron gas in addition to varying the dimen- 
sionality. This new technology will open up a new dimension for investigations 
in nanophysics. Characterizing and understanding transport properties of mag- 
netic superstructures with elementary cells containing a 2DEG with well-defined 
topographical features are crucial both for the basic phenomena and device ap- 
plications. 

The aim of the present chapter is to investigate theoretically the magneto- 
transport of the non-planar 2DEG [^, |6^, |65|, ^ to explain recent experimen- 
tal results obtained in the Toshiba Cambridge Center and Cavendish laboratory 
[0, pPI, BH, pTl As an example, the electric field distribution has been cal- 



culated in the presence of a magnetic tunnel barrier of fim width. The system 
satisfies the Poisson equation in which line charges develop at the magnetic/non- 
magnetic-field interface. We have found that most of the electrons are injected 
at the edges of the magnetic barrier. The magneto-resistances across the facet as 
well as in the planar regions of the 2DEG have been calculated which provide an 
understanding of the main features of the magnetic field dependencies observed 
experimentally by M L Leadbeater et al [^. They have constructed a non-planar 
2DEG which has been fabricated by growth of a GaAs/AlGaAs hetero junction 
on a wafer pre-patterned with facets at 20° to the substrate. Applying a uniform 
magnetic field, B, produces a spatially non- uniform field component perpendic- 



ular to the 2DEG (see the 6 = 90° case in Fig. fTTl) . With the field in the plane 
of the substrate an effective magnetic barrier has been created located at the 
facet. The resistance across such an etched facet has shown oscillations which 
are periodic in 1/5 and which are on top of a positive magneto-resistance back- 
ground which increases quadratically with the magnetic field for small fields B 
and linear in B for large B. In experiment the dimensions of the facet have been 
40 fim wide and 3 /xm long, the voltage probes close to the facet are situated 10 
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fim apart across the facet {quod vide Ref. for more details). The magneto- 
resistance has been measured using also the voltage probes on the planar regions 
of the 2DEG. There is no perpendicular component of the magnetic field in these 
regions, however, for probes directly adjacent to the facet, a strong magneto- 
resistance has been observed. Pairs of probes on opposite the sides of the mesa 
and on the opposite sides of the facet have shown the same symmetry. While 
there has been a pronounced asymmetry in each of traces with reversal of the 
magnetic field direction. 

Another motivation for our theory is the necessity of reexamining the standard 
Hall analyses for very small device geometry [pi3| , pi4|| . As device sizes have 
shrunk to the submicron scale, it has become harder to make contact probes 
small relative to the size of the sample to be characterized. Due to the very high 
current densities involved, point-like contacts come to introduce their own sources 
of error. Particularly, in the QHE geometry, singularities of the current density 
associated with the breakdown of the QHE ||315| , |316|| . Hall voltage distribution 
has been measured in modulation-doped GaAs/AlGaAs heteroj unctions while 
observing the QHE |pl7 | and has been calculated in an ideal 2DEG | 318 , 319 



The geometric effect of contacts has been studied by many authors ||320| , |321| , 
32^ , p3t |32^ , p5i [326| (see also the review article [gg^]). First such a theory 



has been developed by Wick ||320|| , who assumes that the contacts have a much 
higher conductivity than the sample being measured. Therefore the contacts can 
be modeled as an equipotential at the sample boundary which allow to treat 
many geometries by the method of Schwartz-Christoffel mappings. These results 
obtained by Wick have been applied directly to the QHE regime by Kawaji [p24 ]. 
The same approach has been exploited by other authors to analyze geometric 
contact effects in the QHE regimes ||325| , |326|| . As we are aware, all of the exact 



treatments except the recent work ||328|| , treat a single isolated contact interface 
which can be usefully applied to Hall bars with high aspect ratios while for 
samples with lower aspect ratios this approach does not work. 

Our theory presented in this work can be applied for samples with arbitrary 
aspect ratios and with any number of magnetic interfaces. 



CHAPTER 7. MAGNETO-TRANSPORT IN A NON-PLANAR 2DEG 188 



7.2 Theoretical model 

To explain, qualitatively, the main features of the experimental measurements in 
Ref . , namely the smooth background of the magnetic field dependence of the 
resistance across the facet and the symmetries of the resistance traces measured 
between various probes in the planar regions, we rely on a classical model since 
the width of the magnetic field barrier is much larger than the magnetic length. 



Recall, that the present situation is different from that of discussed in Ref. [|294 
where quantum tunneling through magnetic nanostructures was treated. 

Due to its topography, the non-planar 2DEG is embedded in ordinary three- 
dimensional space so that the electron position is determined by three Cartesian 
coordinates. In reality, however, we are dealing with a two-dimensional problem. 
By a simple coordinate parameterization, the problem could be reduced to the ge- 
ometry with 2D-electrons located in a (x, ?/)-plane and the magnetic field normal 
component applied in z-direction. We take the magnetic field profile B{x) = 
[0 < X < a and b < x < L) and B{x) = B {a < x < b) which is appropriate 
to the experimental situation. Assuming the electric field and the current den- 
sity to be independent on the z-coordinate, from 2D classical electrostatics we 
obtain the spatial electric field distribution in the (x, ?/)-plane which determines 
the magneto- resistance which we compare with experiment. 

In a steady state, the spatial distribution of an electric current density J is 
independent of time, and satisfies the discontinuity equation 

divJ(x,?/) = (7.1) 

which means that total charge in any volume of the 2DEG remains constant. 
The electric field E in the 2DEG in which a steady current flows is constant, and 
therefore from Maxwell's equations we have 

curlE(a;,?/) = 0, (7.2) 

i.e. it is a potential field. Eqs. ( [7.1[ ) and ( |7.2| ) should be supplemented by a 
system equation relating J and E. In a zero magnetic field in the most of cases 
this relation is linear (Ohm's law). In a normal quantizing magnetic field charge 
carriers are moved due to the Coulomb and Lorenz forces so that the basic system 
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equation is given by 

J(x, y) = a E(a;, y) - tan C(x) J(x, y) x B{x) (7.3) 

where the conductivity a = nefi is determined by the sample mobihty fi {n is 
the surface concentration of electrons), the spatial dependent Hall angle ({x) is 
defined by 

tan Cix) = a RbB{x) (7.4) 

Rb is the Hall coefficient. The spatial dependent magnetic field can be expressed 
by the Heaviside step function in the following way 

B(a;) = zB[e{x - a) - e{x - b)], e{x) = P' ^ °' . (7.5) 

0, if X < 



Using Eqs. ( |7. Ij ) and ( fO| ) it is easy to show that by virtue of Eqs. (|7.3|), ( |7.4| 



and (|7?5|) , the electric field satisfies the following equation at all points within the 
whole region of the 2DEG 

dWE{x,y) = tan 6 {siia[2({x)] Ey{x,y) — cos[2({x)] 
X E^{x,y)}{6{x - a) - 6{x -b)} 
= 47rp,{6{x-a)-6{x-b)}. (7.6) 

with 5{x) the Dirac-delta function. 

At the boundary of the 2DEG, the normal component of the current density 
and the tangential component of the electric field must be continuous which 
follows from Eqs. ( [7.1| ) and ( [7. 21 ) , respectively. This means that there be no 
current fiow out the sides (x = —w and x = w) and no electric field parallel to the 
ends {y = and y = L) oi the 2DEG. For the magnetic field configuration given 
by Eq. (|7.5|) , the system equation ( [7.2|) implies that the current and electric field 
make an angle and C, in the regions B = Q and B ^ 0, respectively. Therefore 
the boundary condition J = on the sides of the 2DEG can be replaced by 
the condition that the electric field makes an angle and ( with respect to the 
sides, respectively in the regions B = and B ^ (see Fig. |7.2| ). Now it is 
clear that the problem can be treated as a field problem, i.e. in order to solve 



the problem, it is necessary to obtain the solution of the set of Eqs. [7.3| and 



with boundary conditions shown on Fig. |7.2|. Unlike to the usual type electric 
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Figure 7.2: A magnetic barrier is created in a non-planar 2DEG exposed to the 
uniform magnetic field. Dimensions and voltage probe locations correspond to 

the experimental situation. Boundary conditions arc given in terms of angle 
which makes the electric field with respect to the sides and ends of the 2DEG. 
The current flows between voltage probes 1 and 8. 

potential problem, here boundary conditions do not involve specifications of the 
potential or its normal derivative but of the electric field angle with respect to 
the boundary of the 2DEG. 

When the electric field represented as the gradient of a potential function it 
satisfies the 2D Laplace equation in the separate planar and non-planar regions 
of the 2DEG. However, this potential does not satisfy the Laplace equation in 
the whole 2DEG region. It satisfies the Poisson equation with a non-trivial right 
side part which is determined by the field itself. Thus at the magnetic interfaces 
y — a and y — b there is an accumulation of linear charges with a charge density 
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Ps- 

Direct way to solve the such electric potential problem is to obtain the so- 
lutions of three Laplace's equations separately in the both planar and in the 
non-planar regions, introducing additional four unknown angles which the elec- 
tric field makes on both sides of the magnetic interfaces with respect to the 
normal of the interfaces. Then using the continuity of the normal current and 
the tangential field components we have to match these solutions and eliminate 
these four angles. However, because of a singularity of the electric field at the 



magnetic interfaces, inconveniences occur in such procedure (see also Ref. | 328 |). 
To get round this difficulty, first we have solved directly Laplace's equation for 
whole region of the 2DEG, i.e. taking = in Eq. ( [7.6| ) with the same boundary 
conditions specified above on Fig. |7.2| . Then, we have included the line charges at 
y = a and y = b which implies that the electric field exhibits jumps at these points 
and we have modified the solution of the Lalace equation such that it satisfies the 
Poisson equation corresponding to Eqs. ( [7.2| ) and ( |7.6| ). To construct the solution 



of the 2D Laplace equation, the conformal mapping method [^29|| has been ex 



ploited. From the Cauchy-Riemann conditions it follows that the desired electric 
field related to the complex field via E' = iE'^ + Ey is solenoidal and irrotational, 
i.e. there is a complete correspondence between plane electrostatics field and reg- 
ular functions. If the geometry of the 2DEG were that of including rectangular 
shown in Fig. ^!3| then the boundary conditions would be satisfied by a uniform 
electric field, E = jEq. Therefore, if we let —E\z) = Xdw{z)/dz = exp[f{z)] (A 
is an arbitrary constant which should be determined by the potential difference 
between the ends of the 2DEG) then in order to map the rectangle into the such 
parallelogram in complex plane w{z) shown in the upper picture in Fig. [7.3|, it is 



necessary to find an analytical function f{z) whose imaginary part satisfies the 
boundary conditions: 

Im f{z) = on the ends of the 2DEG, 

Imf{z) = or C on the sides of the 2DEG. (7.7) 

Using the conformal mapping ^{z), we map the rectangular domain of the 2DEG 
in the complex z = x + iy plane onto the upper half plane of the Im^ > such 
that the boundary of the rectangle goes into the real axis (the lower picture in 
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Figure 7.3: Conformal mapping w{z) of the rectangular domain of the 2DEG 
onto the domain of a parallelogram form where boundary conditions are satisfied 
by a uniform electric field (the upper picture). Conformal mapping ^{z) of the 
rectangular domain of the 2DEG onto the upper half plane of the Im^ > such 
that the perimeter of the rectangle goes into the real axis (the lower picture). 



Fig. |7.3|) . This is accomplished by the Jacobi elliptic function, ^[z) = sn[z/c, m) 
where the constant c = L/K^m) = w/K{m) and m are determined by the 
sample aspect ratio, K and K' are the complete elliptic integrals of first kind 
p3CI|] , 2w is the width of the 2DEG. Thus the problem is reduced to the standard 
electrostatics problem of finding the potential for the upper half plane bordered 
by electrodes represented by the open intervals along real axis Im^ = 0: 



(-CX), -sn(l,/3)) ; (-sn(l,/3), -sn{l,a)) ; 
{—sn{l,a),sn{l,a))] (sn(l, a), sn(l, /5)) ; {sn{l , j3) , oo) 



(7.8) 
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where a = a/L and (3 = b/L, and 

sn{x, y) = sn {K{m)x + iK'{m)y, m) . (7.9) 

Here the normahzed length and width variables y and x, respectively, are in- 
troduced so that y -t- (0, 1), x -i- (—1, 1). These electrodes are at the respective 
potentials 0; C, 0, C, determined by the boundary conditions. Using the Poisson's 
integral formula of the Dirichlet's problem for the upper half plane, the electric 
field has been obtained which satisfies to the 2D Laplace equation 

[sn{x, y) + sn{l, a)] [sn{x, y) - gn(l, (3)] \ ^'^ 



For the a = and b = L limiting case, Eq. ( 7.10| ) gives the electric field distribu- 



tion for a uniform magnetic field in terms of the Jacobi elliptic functions which 
is in agreement with that of obtained in Ref. [p25|| in the form of an expansion 



into hyperbolic functions. The field ( |7.10| ) has singularities in the corners of the 



magnetic interfaces. The same behavior exhibits the electric field in the Hall 
effect regime. In both cases an analytic function changes its phase from to C in 
one point which results a power-law singularity of this function at that point. 

The above field E' does not conserve current and the normal component of J 
jumps at the magnetic interfaces. We can remedy this as follows: in the planar 
regions the real electric field E{x, y) is given by Eq. (|7.10|) while in the non-planar 
region, due to the jump of the y-component of the field, we have 

Ey{x,y) = -^ReE'{x,y)-teinClmE'{x,y), E^{x,y) = ImE' {x,y). (7.11) 

COS c 

The above equation together with the auxiliary Eq. (|7.10|) gives the solution of 
our problem and satisfies the Poisson equation corresponding to Eqs. ( [7l2|) and 
(|7.6|) . Now it is clear that in the whole region we have Jn{E) = cE'^, and since 
div£" = 0, the current is conserved at the magnetic interfaces. 



7.3 Results and Discussion 



The spatial distributions of the argument ArgE{x,y) and the absolute value 
AhsE{x,y) of the electric field E{x,y) in the neighborhood of the facet are 



0.495 



Figure 7.4: Spatial distribution of the argument (in units of tt) of E for the facet 
situated between the points 498.5 and 501.5 /im. L = 1000 /im, 2w = 40 /xm, 

B = n. 



shown in Figs. and |7.5| . One can see that both components of the electric 



field are small outside the facet region. The field exhibits power law singularity 
in the diagonally opposite corners of the facet while in the two other corners 
E{x,y) = 0. Near the sides of the planar and non-planar regions, ArgE{x,y) 
is near to zero and respectively. ArgE{x, y) has local maximum along the 
?/-axis near the edges of the magnetic barrier and sharply drops at the magnetic 
interface remaining near to zero in the whole non-planar region. The current 
flows between the ends of the 2DEG crossing the magnetic interfaces mainly in 
the singular points, i.e. it passes along the points for which ArgE{x,y) is close 



Figure 7.5: Spatial distribution of the absolute value of E for the facet situated 
between the points 498.5 and 501.5 /im. L = 1000 /im, 2w = 40 /im, B = 1 T. 



to zero. Electrons entering or exiting the small regions of the facet corners will 
have large velocities proportional to the electric field at these locations to account 
for current conservation with a large number of electrons drifting with slow and 
uniform velocities in the middle of the facet were the electric field is smaller and 
uniform. Such an electric field distribution differs from the one in a uniform 
magnetic field. 

The magneto-resistance is determined by the electric field edge profile which 



is shown in Fig. |7.6| for different values of the magnetic field. The magnetic field 
dependence of the magneto-resistance across the facet is shown in Fig. \r7\ . The 
classical origin of the positive background has been confirmed experimentally 




Figure 7.6: The electric field profile at the edge of the 2DEG for different values 
of the magnetic field. 

where it has been found that it persists at temperatures higher than 100 K. 
Note that experimental configuration is effectively a two terminal measurement 
where the measured resistance is determined both by the Hall resistance and 
magneto-resistance. For small magnetic fields the Hall resistance is small and 
thus the resistance is determined by the magneto-resistance and consequently 
the resistance increases as . For larger magnetic fields a quasi-linear behavior 
of the resistance as a function of B is found which is due to the fact that now it is 
Hall resistance which mainly limits the current. However, the resistance increases 
from 13.2tol020.8Q when S : — > 10 T, which is approximately four times less 
than observed experimentally. The reason for such a difference could be the low 
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Figure 7.7: Magneto- resistance across the facet corresponding to for L(3 — 4) 
255 /im, L(5 - 6) = 220 /im, and L(2 - 3) = 200 /im. 



ratio of the facet (3 fim) to the mesa (1000 /xm) length. The figure Fig. 7.8 shows 



the magneto-resistance calculated in the planar regions. The top two curves are 
the resistance for probes above the facet on the left (12-13) and right (3-4) of the 
mesa and the center two curves show the pairs (10-11) and (5-6) below the facet 
(see Ref. |^). In agreement with the experiment, pairs of probes on opposite 
sides of the mesa and on opposite sides of the facet show the same symmetry while 
there is a strong asymmetry in each of the traces with reversal of the direction of 
the magnetic field. These results agree qualitatively with experiment but there 
are problems with the quantitative values of the resistance. The main variation of 
the resistance takes place for small B and the magnitude of the variation strongly 
decreases with distance from the facet. Therefore, in the scale of Fig. |7.8| one 



m300 



1 1 1 1 1 1 1 1 1 1 1 1 


1 1 1 1 1 1 1 1 1 1 1 1 

13-12 




c 




i-'i 
5-6 








11-10 








-2-10 1 2 

Applied Magnetic Field [Tesla] 



Figure 7.8: Magneto-resistance in the planar regions corresponding to for L(3 — 
4) = 255 iim, L(5 - 6) = 220 /im, and L(2 - 3) = 200 /im. 



cannot see the resistance variation for probes (2-3) situated 300 /im away from 
the facet. 



Chapter 8 



Summary 



Carrier interaction with phonons, photons, impurities, and electrons have been 
addressed in semiconductor nanoscale systems with carrier confinement in one 
and two dimensions subjected to quantizing magnetic fields and without it. Most 
importantly, our calculations allow to better understand phonon signature in 
optical, thermalization, and transport experiments that can be used to identify 
and characterize the basic phenomena of quantum confinement in these quantum 
nanostructures. 

• In the frames of the polaron problem, the peculiarities of the magneto- 
polaron spectrum near the longitudinal optical phonon emission threshold 
have been investigated in the 2DEG in the QHE geometry. In spite of 
weak electron-phonon coupling, an infinite set of new complex quasiparti- 
cles, electron-phonon bound states, exists in the magneto-polaron spectrum 



which is coagulated to the threshold both above and below from it ^ 



The fine structure of cyclotron-phonon resonance due to the electron-phonon 
bound states has been revealed |^0[. Absorption of the electromagnetic 



field entirely governed by the bound states with the total angular momen- 
tum ±1. According to the perturbation theory, photon absorption was to 
be expected at the phonon emission threshold. In reality, the absorption 
spectrum consists of two groups of peaks which constitute an asymmetric 
"doublet" relative to the threshold. 
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A new method for calculating the probability of electron scattering from 
the deformation potential of acoustic phonons has been proposed |^T]]. Such 



a probability summed over all phonon modes of the layered elastic medium 
is expressed in terms of the elasticity theory Green function which contains 
all information about structure geometry. 

Exploiting this method, the relaxation rates for a Fermi 2DEG located in 
the vicinity of an interface between elastic semi-spaces have been calculated 



43| . Analysis of limiting cases for an interface between solid and liquid 
semi-spaces, for a free and rigid surfaces has shown that there are situations 
when the phonon reflection from various interfaces alters the energy (or 
electron temperature) dependence of the relaxation times and leads to a 
strong reduction of the relation rates. 

The interface effect is obtained to be highest in quantizing magnetic fields 



45 1 since the 2DEG interacts with almost monochromatic cyclotron phonons 
in this case. The electron transition probability between discrete Landau 
levels of the 2DEG has an oscillating behavior of the magnetic field and of 
the distance from the 2DEG to the interface. 

In quantizing magnetic fields, scattering from the piezoelectric potential of 
acoustic phonons is strongly suppressed with respect to the deformation 
interaction mechanism . 



Emission of ballistic acoustic phonons at electron transitions between fully 
discrete Landau levels in a 2DEG with account of the phonon reflection 
from a GaAs/AlGaAs type interface has been studied |^9|, In accor- 
dance with the experimental results, the angular distribution of emitted 
phonons has a sharp expressed peak for small angles around the magnetic 
field. Account for the interface effect affects essentially the intensity and the 
composition of the detected phonon field. Under the deformation electron- 
phonon interaction on the sample reverse face, the detector records both 
the interference field of the LA phonons and, which is most intriguing for 



experiment, the conversion field of the TA phonons [49|. Emission of sur- 



face acoustic phonons is suppressed exponentially in a wide range of the 
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magnetic field variation |50[|. 



Polar optical PO-plionon assisted electron relaxation in the 2DEG in the 
QHE geometry has been calculated The surface optical SO phonon re- 



laxation has been obtained to be at least by an order weaker than relaxation 
via bulk PO phonon emission. Account for the Landau level broadening 
and for the PO phonon dispersion results to the finite relaxation rates asso- 
ciated with one-phonon emission. The dispersion contribution gives rise to 
a sharp peak with the peak value approximately 0.17 fs~^. The broadening 
contribution has a rather broad peak with relatively lower peak value. 

Two-phonon emission is a controlling relaxation mechanism above the phonon 
energy hupo Immediately above hujpo, the PO+DA phonon relax- 



ation rate increases as a achieving to the peak value exceeding 1 ps 
~^ at energy separations of the order of hs/ as ■ In the energy range 
sa'j^ <Mujb — ujpo^sd^^, the two-phonon peak decreases linearly in B. 
so that within the wide energy range of the order of Hub, subnanosecond 
relaxation between Landau levels can be achieved. 

We have calculated the inter edge state scattering length for an arbitrary 
confining potential UST] , |5^ . Phonon (deformation acoustic DA and piezo- 
electric PA interactions) and impurity scatterings are discussed and analyt- 
ical expressions are derived. As follows from energy and momentum con- 
servation, only phonons with frequencies above some threshold can partici- 
pate in the transitions between edge states. As a result, phonon scattering 
is exponentially suppressed at low temperatures. The observed tempera- 
ture dependence of the scattering length cannot be attributed to phonon 
scattering. 

Ballistic acoustic phonon emission (both for DA and PA interactions) by 
quantum edge states has been investigated ||5^, At low temperatures 
the emitted acoustic phonon field is predominantly concentrated within a 
narrow cone around the direction of the edge state propagation, while at 
high temperatures - around the magnetic field normal to the electron plane. 
At low temperatures the emission intensity decreases exponentially with 



CHAPTER 8. SUMMARY 



202 



decreasing filling of Fermi level. The relative contributions of PA and DA 
interactions depend on the magnetic field, the shape of confining potential, 
and temperature. 



In recent magneto-luminescence experiments by Potemski et al. |55|, p6 



on 



one-side modulation doped GaAs/AlGaAs quantum wells, an up-conversion 
has been observed and interpreted as being due to an Auger process. We 
have developed a theory of Auger up-conversion in quantum wells in quan- 
tizing magnetic fields to explain these experimental results |]F7| , We 
have calculated the characteristic times of electron-electron scattering pro- 
cesses between Landau levels of the lowest electric subband and of electron- 
acoustic phonon scattering between Landau levels of the two lowest electric 
subbands as well as the lifetime of a test hole with respect to both the 
Auger process and phonon emission. By analyzing rate equations for these 
processes as well as for the pumping by interband excitation and the recom- 
bination of electrons with photo-induced holes, we have found the Auger 
process time. As well the magnetic field and the excitation power depen- 
dencies of the two luminescence peaks have been obtained which are consis- 
tent with the experimental findings. Thus, an understanding of the Auger 
up-conversion observed in the magneto-luminescence in quantum wells is 
provided. 

Recently a research group from the Toshiba Cambridge Research Cen- 
ter Ltd. and Cavendish Laboratory have proposed a new technique to 
produce non- homogeneous magnetic fields A remotely doped 

GaAs/A^Gai-i^As heteroj unction is grown over wafer previously patterned 
with series of facet. The 2DEG is no longer planar but follows the contour 
of the original wafer. Application of a homogeneous magnetic field to this 
structure results a spatially varying field component normal to the 2DEG. 
We have investigated theoretically the magneto-transport of the non-planar 



2DEG |4|, 0. The magneto-resistance across the facet as well 

as in the planar regions of the 2DEG has been calculated which explain the 
main features of the magnetic field dependence observed experimentally by 



M L Leadbeater et al 59, 30 
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Appendix A 



In this appendix we collect in a table some physical and material parameters for 
GaAs/Ala;Gai_a;As hetero junction based quantum nanostructures. 



Table A.l: Some physical and material parameters used in the dissertation. 



Physical and material parameters 


GaAs 


Electron effective mass, rric 


rric — 0.066me ^ 


Crystal mass density, p[kg m 




p = 5.31 • 10-=^ 


Long. ac. LA ph. vel. av. in angles, s 


m s ^ 




s = 5.14-103 


Trans, ac. TA ph. vel. av. in angles, c[m s ^ 




c = 3.13-103 


Cyclotron energy, hujB[^eV] 


1.755[T] 


Magnetic length, aB[nm] 


25.66B-i/2[T] 


Landau level degeneracy, (27ra^)~^[m~^] 


2.417- 10^*S[T] 


Energy scale, tis/(ii>\incV] 


0.13Z?i/^[T] 


Energy scale, hs/d[meV] 


3.37/(i[nm 




Subband spacing, ^^[meV] 


q jarne 10 ^ 
"^•'"mc d\nm\ 




Al2;Gai_2:As 
X = X = 0.3 X = 1 


High frequency dielectric constant, Koo 


10.9 


12.0 


8.5 


Long. opt. LO ph. energy, hcuLoifn^V] 


36.62 


49.80 


50.00 


Trans, opt. TO ph. energy, ?iu;To[nT'eV] 


33.30 


45.10 


44.90 


Surf. opt. SO ph. energy, ^a;5o[meV^] 




34.57 
47.87 


34.82 
47.49 


Prolich coupling constant 


Oipo Oiso/ Otpo 

0.07 1.96 1.95 
0.044 0.035 
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Appendix B 



The integrals $m in Eqs. (|3.76|) are given explicitly by the following formulas. 
For the solid state-liquid contact 

(B.l) 

where 



*™ = / dtt^"^ ^ , - :(B.2) 



TC Jl 



5v 



92 + m i,y I / 2 ,2 

= ^ / rftt'™^ ^^^^^^^ ^-1 ^.3) 



$^ = ^ Trftt^™- ^^^^^^ ^.4) 

TT Ji/ / /I +2 , /+2 _ 1 . /+2 _ ,,2 _ (',,2 _ O +2^2^ 1 X2 . ,8 



2-t2 



^ 92+" / fB ^1 

For the free crystal surface 

^^{in, v) = l>^Hz/) + <l,^^(z.) + <l^(e«, z.) (B.6) 



where 



22+m „i 4 +2 / 2 _ +2 

Vr io (z/2 - 2 i2)2 + 4 12 ^/r3t2 ^^2 _ ^2 ^ ' 

22+m i-t, 4+2 / 2 _ 2+2\2 /-2— 72 
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2m 2 



\R _ o2+m Ki? \ Pi? QR 

- m I 

For the rigid boundary 



V / 2pR {pr- qr) qr^ + (pr - g^) 



where 



22+m. „i ^/,,2 _ f2 



= / rftt =, (B.ll) 



ii^2 _ / ^++2m_ V 



In formulas ( p.l|) - (|B.12| ) following notations are introduced 

6 = ^, f^ = ^,^s = -, (B.13) 
p s' c 

In the case of the solid state-liquid contact, when the densities of the contacted 
semi-spaces differ strongly, we can calculate $m for the extreme value of the 
parameter i> = 1 

$0 = 1 + 25(1 - 2f? + 3/iV2), $0 = 0, (B.15) 
<l>o = 1 + 25fx^{l - 3/1^ + 5/^72), -^-f = 0. (B.16) 

Notice that in this case, relaxation is determined by the bulk and "leaky" waves. 
The contribution of the "leaky" waves is proportional to 5 ^ 1. 

For a free crystal surface taking u = 0.59 ||136|| for GaAs, we obtain from 
the dispersion equation of the Rayleigh waves that ^r ~ 0.917. Then numerical 
evaluation of ( [B.6D -( |K^ ) gives: 

l>^i ^ 0.625, <l^^ ^ 0.297, <l>^ ^ 1.706, $0 ~ 2.628, (B.17) 

and 

^ 0.873, <l^2 ^ 0.954, ^ 0.999, % ^ 2.826. (B.18) 

Thus, we see that in the case of energy relaxation, the largest contribution comes 
from the surface Rayleigh waves while in the case of momentum relaxation, con- 
tributions of different phonon modes differ slightly. 
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Similar calculations for the rigid boundary give 

« 1.265, ^ 0.452, l>o ^ 1.717, (B.19) 

and 

^ 0.852, df^ 1.407, $1 fa 2.259. (B.20) 
In this case the interface effect is stronger for momentum relaxation. 
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